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1 Introduction

Examples:

1. Compute the partial sums of the harmonic series

n
ÿ

k“1

1

k

• Spnq “ 1` 1
2 ` ¨ ¨ ¨ `

1
n´1 `

1
n

• spnq “ 1
n `

1
n´1 ` ¨ ¨ ¨ `

1
2 ` 1

Mathematically, Spnq “ spnq; Computationally, they’re not.

The difference growth with n

2. Let fpxq “
?
x for x ą 0, and we know f 1pxq “

1

2
?
x

Define a function

ypkq “
fp16` kq ´ fp16q

k

“

?
16` k ´ 4

k

then, limkÑ0 ypkq “ f 1p16q “ 1
8

As k decrease to k “ 10´12, ypkq is a good approximation for f 1p16q “
1

8
, when k further decrease,

y(k) starts to oscillates and the errors are visible; after k drops below 10´14, the computed ypkq
is around 0. ?

16` k ´ 4

k
“

1
?

16` k ` 4
?

16` k ´ 4

k
goes to 0.

3. Consider the function ypxq “ px´ 1q8 and it’s expanded form

ypxq “ x8 ´ 8x7 ` 28x6 ´ 56x5 ` 70x4 ´ 56x3 ` 28x2 ´ 8x` 1

Again, two mathematically identical function are nor the same computationally.

The expected form even leads to negative values.

1.1 Computational Complexity : Polynomial Evaluation

ppxq “ 2x4 ` 3x3 ´ 3x2 ` 5x´ 1

1. Straight Forward:

2 ¨
1

2
¨

1

2
¨

1

2
¨

1

2
4pxq

3 ¨
1

2
¨

1

2
¨

1

2
3pxq

p´3q ¨
1

2
¨

1

2
2pxq

5 ¨
1

2
1pxq

Nx “ 10, N` “ 4
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2. Storage

ˆ

1

2

˙2

“
1

4
1pxq

ˆ

1

2

˙3

“

ˆ

1

2

˙2

¨
1

2
“

1

8
1pxq

ˆ

1

2

˙4

“

ˆ

1

2

˙3

¨
1

2
“

1

16
1pxq

multiply by coefficient 4pxq

Nx “ 7, N` “ 4

3. Horner’s method:

P pxq “ xp2x3 ` 3x2 ´ 3x` 5q ´ 1

“ xpxp2x2 ` 3x´ 3q ` 5q ´ 1

“ xpxpxp2x` 3q ´ 3q ` 5q ´ 1

Nx “ 4, N` “ 4

N` “ 4

Nx “

$

’

’

&

’

’

%

řd
k“1 k “

dp1` dq

2
2d´ 1

d

1.2 Floating Point Arithmetic

Consider -321.416: (Decimal Representation)

´321.416 “ ´p3 ¨ 102 ` 2 ¨ 10` 1 ¨ 0` 4 ¨ 10´1 ` 1 ¨ 10´2 ` 6 ¨ 10´3q

A similar representation is used in computer: floating - point arithmetic:

´.321416ˆ 103

sign, fraction, base, exponent
In general,

˘f ˆ βe

where β “ 2: binary number
β “ 10: decimal number
β “ 16: hexadecimal number f : fraction, digits from 0, 1, ¨ ¨ ¨β ´ 1
e: exponent, digits from 0, 1, ¨ ¨ ¨β ´ 1
Binary Number:

bm ¨ ¨ ¨ b2b1b0.a1a2 ¨ ¨ ¨ an

(all integer)
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Each digit bi, aj takes 0 or 1.
This number in base 10, is

bm ¨ 2
m ` bm´1 ¨ 2

m´1 ` ¨ ¨ ¨ ` b1 ¨ 2
1 ` b0 ¨ 2

0 ` a1 ¨ 2
´1 ` a2 ¨ 2

´2 ` ¨ ¨ ¨ ` an2´n

Note:

p0.1101q2 “ p1.101q2 ¨ 2
´1

“ p0.001101q2 ¨ 2
3

To convert between binary (β “ 2) and decimal (β “ 10)
Example:

1. x “ p1.1011q2 convert x to a decimal number:

x “ 1 ¨ 20 ` 1 ¨ 2´1 ` 0 ¨ 2´2 ` 1 ¨ 2´3 ` 1 ¨ 2´4

“ 1`
1

2
` 0`

1

8
`

1

16

“
27

16

2.

x “ p1.1010 ¨ ¨ ¨ 10q2

“ p1.1̄0q2

“ 1 ¨ 20 ` 1 ¨ 2´1 ` 1 ¨ 2´3 ` 1 ¨ 2´5 ` ¨ ¨ ¨

Recall geometric series:

1` r ` r2 ` ¨ ¨ ¨ “
1

1´ r

if |r| ă 1

x “ 1`
1

2
`

ˆ

1

2

˙3

`

ˆ

1

2

˙5

` ¨ ¨ ¨

“ 1`
1

2

˜

1`
1

4
`

ˆ

1

4

˙2

` ¨ ¨ ¨

¸

“ 1`
1

2
¨

1

1´ 1
4

“ 1`
2

3

“
5

3

Alternatively,

x “ p1.1̄0q2

“ 1 ¨ 20 ` p0.1̄0q2

“ 1` p10.1̄0q2 ¨ 2
´2
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y “ p0.1̄0q2

“ p10.1̄0q2 ¨ 2
´2

“ tp10q2 ¨ 2
´2 ` p0.1̄0q2 ¨ 2

´2u

y “ p2` yq ¨ 2´2

4y “ 2` y

y “
2

3
x “ 1` y

“
5

3

3. Convert 14.8125 to a binary number:

We are looking for
14.8125 “ pbmbm´1 ¨ ¨ ¨ b1b0.a1a2 ¨ ¨ ¨ anq2

Fractional part:

0.8125 “ p.a1a2 ¨ ¨ ¨ anq2

“ a1 ¨ 2
´1 ` a2 ¨ 2

´2 ` ¨ ¨ ¨ ` an ¨ 2
´n

• ˚2

1.6250 “ a1 ` a2 ¨ 2
´1 ` ¨ ¨ ¨ an ¨ 2

´pn´1q

a1 “ 1

0.6250 “ a2 ¨ 2
´1 ` ¨ ¨ ¨ an ¨ 2

´pn´1q

• ˚2

1.2500 “ a2 ` a3 ¨ 2
´1 ¨ ¨ ¨ an ¨ 2

´pn´2q

a2 “ 1

• ˚2

0.25 ¨ 2 “ 0.50 a3 “ 0

0.50 ¨ 2 “ 1 a4 “ 1

6 0.8125 “ p.1101q2

Collect Integer part ordered from radix point:

Integer part:

14 “ pbm ¨ ¨ ¨ b2b1b0q2

“ bm ¨ 2
m ` bm´1 ¨ 2

m´1 ` ¨ ¨ ¨ b1 ¨ 2
1 ` b0
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Divided by 2:

14

2
“ 7R0

“ pbm ¨ 2
m´1 ` ¨ ¨ ¨ b1qRb0

7

2
“ 3R1 b1

3

2
“ 1R1 b2

1

2
“ 0R1 b3

6 14 “ p1110q2

6 14.8125 “ p1110.1101q2

1.2.1 Floating point number

˘f ˆ βe

f(fraction) : the number of digits in f determines the precision.
e(exponent):the number of digits in e determines the range of representable numbers.
We follow IEEE 754 floating point standard:

1. Normalized form: f “ 1.bmbm´1 ¨ ¨ ¨ b1b0, p0.0101010 ¨ ¨ ¨ q

2. Advantage: leading 1 needs not be stored

• 32-bit single precision:
sign : 1 -bit
exponent : 8-bits
fraction: 23 -bits

• 64 - bit double precision:
sign : 1 -bit
exponent : 11-bits
fraction: 52-bits

3. The represented number is
p´1qs ¨ p1` fq ¨ 2e´e0

• e: unsigned, e0: exponent bias

• e´ e0: can be either positive or negative ( negative represent small number)

Let’s focus on ”e” or equivalently 2e´e0

• Single Precision:

e P remin, emaxs

emin “ p0 ¨ ¨ ¨ 01qp8 bitq “ 1

emax “ p11 ¨ ¨ ¨ 10q

“ 1 ¨ p2` 22 ` ¨ ¨ ¨ ` 27q

“ 2 ¨

ˆ

1´ 27

1´ 2

˙

“ 254

ùñ 2e´e0 P r2´126, 2127s e0 “ 127

« r10´38, 1038s

page 7 of 71



Jingmin Sun MATH 4800 Numerical Computing (2019-Spring)

•

e P remin, emaxs

emin “ 1

emax “ 21 ` 22 ` ¨ ¨ ¨ ` 210

“ 2046

e0 “ 1023

2e´e0 P r2´1022, 21023s

« r10´308, 10308s

1.2.2 fraction f and precision

Using double-precision on an example:

• How to store a number

• How to do calculation

Consider

x1 “
27

16
“ p1.1011q2

x2 “
5

3
“ p1.1̄0q2

x3 “
2

3
“ p.1̄0q2 “ p1.0̄1q2 ¨ 2

´1

x4 “ 1 “ p1.0q2

x5 “ 1ˆ 2´52

x6 “ 1ˆ 2´53

x1 : 1. 101100 ¨ ¨ ¨ 0 p52bitsq

x4 : 1. 00 ¨ ¨ ¨ 0 p52bitsq

x5 : 1. 00 ¨ ¨ ¨ 0 p52bitsq ˆ 2´52

x6 : 1. 00 ¨ ¨ ¨ 0 p52bitsq ˆ 2´53

Now x2, x3:

x2 : 1. 101010 ¨ ¨ ¨ 10 10 ¨ ¨ ¨

x3 : 1 0101 ¨ ¨ ¨ 01 0101 ¨ ¨ ¨ ˆ 2´1

We follow: IEEE rounding to the nearest rule: xÑ flpxq

General relative rounding error:
|flpxq ´ x|

|x|
ď

1

2
¨ 2´52
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Example:

x1 “
27

16
“ p1.1011q2 “ flpx1q

x2 “
5

3
“ 1

2

3
“ p1.1̄0q2 “ 1. 10 ¨ ¨ ¨ 10 1010 ¨ ¨ ¨

flpx2q “ 1. 10 ¨ ¨ ¨ 101011

x3 “
2

3
“ p0.1̄0q2 “ p0.1010 ¨ ¨ ¨ 10q2 “ p1.0101 ¨ ¨ ¨ 01 ¨ ¨ ¨ q2 ¨ 2

´1

flpx3q “ 1. 0101 ¨ ¨ ¨ 01 ¨ 2´1

x4 “ 1 “ flpx4q

x5 “ 2´52 “ 1.00 ¨ ¨ ¨ 0 ¨ 2´52 “ flpx5q

x6 “ 2´53 “ flpx6q

And

flpx2q “ 1. 1010 ¨ ¨ ¨ 1011

“ x2 ´ 0. 0 ¨ ¨ ¨ 0 1010 ¨ ¨ ¨ ` 0. 00 ¨ ¨ ¨ 01

“ x2 ´ p0.1̄0q2 ˆ 2´52 ` 2´52

“ x2 `
1

3
¨ 2´52

|flpx2q ´ x2|

|x2|
“

1
3 ¨ 2

´52

5
3

“
1

5
¨ 2´52

Machine epsilon:

εmach “

#

2´52 Double

2´23 Single

MATLAB:

• eps

• eps(’Single’)

Remark:

• εmach: relative rounding ”precision”, ”resolution”

•

1. 00 ¨ ¨ ¨ 0 “ 1

1. 00 ¨ ¨ ¨ 1 “ 1` εmach

1.2.3 Computation

Next, we want to compute, with double precision:

Rule for calculation:
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a˘ b“l flpflpaq ˘ flpbq

flpx4q ` flpx5q “ 1` 2´52

“ p1. 000 ¨ ¨ ¨ 01 q2

“l 1` 2´52

flpx4q ` flpx6q “ 1` 2´53

“ p1. 00 ¨ ¨ ¨ 0 1q2

“l 1

flpx5q ´ flpx6q “ 2´52 ´ 2´53

“l 2´53

px2 ´ x3q ´ x4

flpx2q ´ flpx3q “ p1. 10 ¨ ¨ ¨ 1011 q2 ´ p1. 0101 ¨ ¨ ¨ 01 q2 ¨ 2
´1

“ p1. 10 ¨ ¨ ¨ 1011 0q2 ´ p1. 0101 ¨ ¨ ¨ 01 q2 ¨ 2
´1

“ p1. 00 ¨ ¨ ¨ 00 1q2

“l 1

flp1´ x4q “ 0

px2 ´ x4q ´ x3

flpx2q ´ flpx4q “ p1. 10 ¨ ¨ ¨ 1011 q2 ´ 1

“l p1. 01 ¨ ¨ ¨ 10110 q2 ˆ 2´1flpx2 ´ x4q ´ flpx3q “ p1. 0101 ¨ ¨ ¨ 0110 q2 ˆ 2´1 ´ p1. 0101 ¨ ¨ ¨ 0101 q2 ˆ 2´1

“ p0. 00 ¨ ¨ ¨ 01 q2 ˆ 2´1

“ 2´53

1.2.4 Loss of significant digits

This occurs when we subtract two nearly equal number:
Example:

1. Use 7-digit base 10 floating point arithmetic to compute x´ y:

x “ 1.234567ˆ 105

y “ 1.234566ˆ 105

x´ y “ 0.000001ˆ 105

“ 10´1
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2. Use 3 digit, base 10 floating point arithmetic to compute
?

9.01´ 3:

?
9.01 “ 3.00166 ¨ ¨ ¨

“l3.00
?

9.01´ 3“l 3.00´ 3 “ 0

Using double precision: ?
9.01´ 3 « 1.6662ˆ 10´3

Remedy: reformulate:

?
9.01´ 3 “

p
?

9.01´ 3qp
?

9.01` 3q
?

9.01` 3

“
0.01

?
9.01` 3

“l
0.01

6

“ 1.67ˆ 10´3

3.

fpxq “
1´ cosx

sin2 x

lim
xÑ0

fpxq “ lim
xÑ0

1´ cosx

sin2 x

“ lim
xÑ0

sinx

2 sinx cosx

“
1

2

Reformulate:

fpxq “ fpxq ¨ 1

“
1´ cos2 x

sin2 xp1` cosxq

“
1

1` cosx

“
1

2

2 Solving an algebraic equation

Goal: Find a solution (or solutions of ) fpxq “ 0

x1

x2

Simple (Trivial) fpxq “ ax` b
fpxq “ ax` b, a,b constants, a ‰ 0
fpxq “ 0 ùñ x “ ´ b

a
Example:
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1. fpxq “ x3 ` 2x` 2 “ 0

x1

x2

´1

One root in p´1, 0q, f 1pxq “ 3x2 ` 2 ě 2

2. fpxq “ 4x´ 3 cos 2πx “ 0
f1pxq “ 4x, f2pxq “ 3 cos 2πx

x1

x2

Therefore, at least three roots.

3. Find where F pxq “ x ¨ e´x
2

attains its maximum r0,8q

x1

x2

Convert to f 1px˚q “ 0

4. fpxq “ 0 no root!

x1

x2

5.

x1

x2

Infinetely many solution (roots)
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2.1 Bisection Method

To solve fpxq “ 0 on ra, bs, where fpxq is continuous ra, bs and fpaqfpbq ă 0

• Set ra0, b0s “ ra, bs

• Let c0 “
a0 ` b0

2
be the mid point.

• If fpc0q “ 0, then x “ c0 is a root, STOP.

• If not, set

ra1, b1s “

#

ra0, c0s if fpa0qfpc0q ă 0

rc0, b0s if fpc0qfpb0q ă 0

Note that b1 ´ a1 “
1
2 pb0 ´ a0q

Repeat the process:

Suppose we have raj , bjs, j ě 1, fpajqfpbjq ă 0, and bj ´ aj “
1
2j pb0 ´ a0q

then, let cj “
1

2
pbj ` ajq

1. If fpcjq “ 0, then x “ cj is a root, STOP.

2. If not, set

raj`1, bj`1 “

#

raj , cjs if fpajqfpcjq ă 0

rcj , bjs otherwise

We know

bj`1 ´ aj`1 “
1

2
pbj ´ ajq

“
1

2j`1
pb0 ´ a0q

If the process stops at finitely many steps, we find a solution. Otherwise, the
sequence c0, c1, c2 ¨ ¨ ¨ cj ¨ ¨ ¨ with cj P raj , bjs approach a solution, denotes as x̄, as j Ñ8

Error:

ej “ |cj ´ x̄|

ď
1

2
|bj ´ aj |

ď
1

2j`1
|b0 ´ a0|

Computing Cost: To get cj , j ` 2 functions on evaluation.

Theorem 2.1. If f is continuous on [a,b], and fpaqfpbq ă 0, then the midpoint c0, c1c2 ¨ ¨ ¨ cj ¨ ¨ ¨
computed using the bisection method converges to a solution x̄ of fpxq “ 0, and the error satisfies

|cj ´ x̄| ď
1

2j`1
pb´ aq

Actual error con be smaller.

Remark:
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• Bisection method always works as long as

1. f is continuous

2. fpaqfpbq ă 0

• It has an ”explicit” formula for the error bound, one can estimate the number of iteration to
ensure the error is below a given level δ.

1

2j`1
pb´ aq ď δ

ðñ 2j`1 ě
b´ a

δ

ðñ j ` 1 ě
lnppb´ aq{δq

lnp2q

For example: b´ a “ 2, δ “ 10´p

j ` 1 ě
lnpb´ aq ´ lnpδq

lnp2q

“
lnp2q ´ lnp10´pq

ln 2

“ 1` p
ln 10

ln 2

ùñ j ě p
ln 10

ln 2
ě 3.32p

If p “ 1, take j “ 4; If p “ 2, take j “ 7.
Discussion:

• Pick a more random ξ P raj , bjs

• Tri-section theory?

• Complex roots

Notation:
Let I “ pa, bq, ra, bs, pa, bs then f P CnpIq: means f, f1 ¨ ¨ ¨ f pnq exists, and are continuous on I.
n : non-negative integer.
when n “ 0, C0pIq “ CpIq (Set of continuous functions).
fpxq, fptq, x,t dummy variable.

Theorem 2.2 (Taylor Theorem). Given a function f P Cn`1pra, bsq, then for any x, x0 P pa, bq,

fpxq “ fpx0q ` f
1px0qpx´ x0q `

f2px0q

2!
px´ x0q

2 `
f p3qpx0q

3!
px´ x0q

3 ¨ ¨ ¨ `
f pnqpx0q

n!
px´ x0q

n `Rn`1

(Taylor’s polynomial of degree n)+Reminder

Rn`1 “
f pn`1qpξq

pn` 1q!
px´ x0q

n`1

ξ : Some number between x and x0
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2.2 Newton Method

A curve locally can be approximated by a straight line.
To solve fpxq “ 0, we start with an initial guess x0, and consider the tangent line of fpxq passing
through px0, fpx0qq

fpx0q ` f
1px0qpx´ x0q

Instead of solving fpxq “ 0, we solve

fpx0q ` f
1px0qpx´ x0q

and the solution is denoted as x1,

x1 “ x0 ´
fpxjq

f 1px0q

Repeat the process, and we get

xj`1 “ xj ´
fpxjq

f 1pxjq

j “ 0, 1, 2 ¨ ¨ ¨
Example:

fpxq “ x3 ` 2x` 2

we need to solve fpx̄q “ 0 for x̄:
Apply Newton’s Method:

By sketching, we know x̄ P p´1, 0q, start with x0 “ ´
1

2

xj`1 “ xj ´
fpxjq

f 1pxjq

“ xj ´
x3
j ` 2xj ` 2

3x2
j ` 2

“
2x3

j ´ 2

3x2
j ` 2

x1 “
2 ¨ p´ 1

2 q
3 ´ 2

3 ¨ p´ 1
2 q

2 ` 2
“ ´

9

11

« ´0.818181

Apply Newton’s method to
fpxq “ x3 ` 2x` 2 “ 0

Observation:

• ej`1 « cerj , r “ 2

• j “ 5, 6: Due to finite precision

xj`1 “ xj ´
fpxjq

f 1pxjq

Theorem 2.3. Given f P C2pra, bsq with fpx̄q “ 0 for some x̄ P pa, bq, and f 1px̄q ‰ 0. Start with
x0 P ra, bq that is sufficiently close to x̄, then the Newton’s method converges to x̄, namely

lim
jÑ8

xj “ x̄
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And the error ej “ |xj ´ x̄| satisfies
ej`1 “ cje

r
j

where r “ 2 and limjÑ8 cj “

ˇ

ˇ

ˇ

ˇ

f2px̄q

2f 1px̄q

ˇ

ˇ

ˇ

ˇ

Convergence of Newton’s Method: Quadratic
Example:

1. A bad initial x0:

Apply newton method to

fpxq “
x

1` x2
“ 0

we know x̄ “ 0, initial x0 “ 2

xi`1 “ xi ´
fpxiq

f 1pxiq

“
2x3

i

1´ x2
i

x1 “
16

3

x2 “
8192

741

Newton method diverges with x0 “ 2, instead, we can take x0 “
1

2
, Newton’s method will

converge.

2.
fpxq “ x2 “ 0

Root: x̄ “ 0, f 1px̄q “ 2x̄ “ 0, Theorem no longer holds.

Newton’s:

xj`1 “ xj ´
fpxjq

f 1pxjq

“ xj ´
x2
j

2xj

“ xj ´
xj
2

“
xj
2

6 xj`1 “
1

2
xj

(not sensitive to initial)

ej “ |xj ´ x̄|

“ |xj |

ej`1 “
1

2
ej

(Linear convergence)
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3. Apply Newton’s Method to fpxq “ 4x4 ´ 6x2 ´
11

4
with x0 “

1

2
,

x0 “
1

2

x1 “ ´
1

2

x2 “
1

2

x3 “ ´
1

2

Divergent case : xj , j “ 0, 1, 2 ¨ ¨ ¨ will oscillate between two values

Note: The method can work with a different initial.

Stopping Criteria

• |xj`1 ´ xj | ă TOL (absolute) or
|xj`1 ´ xj |

maxp|xj |, εq
ă TOL(relative)

To deal with the case of x̄ “ 0, here ε is some small number of user’s choice.

• j ă Imax (Maximum number of iteration)

• |xj | ă xmax (A bounds)

Algorithm (Newton’s Method):

Initialization: Pick an initial guess x0 error tolerance tol ą 0, maximum iteration number
Imax ą 0, (possibly an upper bound of approximated root, xmax ą 0)

Let err “ 10ˆ tol, j “ 0
while err ą tol do

z “
fpxjq

f 1pxjq
err “ |z| “ abspzq
xj`1 “ xj ´ z
j “ j ` 1
if j ą Imax then

STOP
end
if |xj`1| ą xmax then

STOP
end

end

Example: (Application)

Given a ‰ 0, we want to calculate x “
1

a
, by using only `,´˚, one try:

fpxq “ ax´ 1 “ 0

Newton:

xj`1 “ xj ´
fpxjq

f 1pxjq

“ xj ´
axj ´ 1

a

“
1

a
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(not good)

Another try: fpxq “ a´
1

x
, f 1pxq “

1

x2

Newton’s:

xj`1 “ xj ´
fpxjq

f 1pxjq

“ xj ´ pa´
1

xj
qx2
j

“ xjp2´ axjq

(2* 1-) a=3:

x0 “ 0.3

x1 “ 0.3p2´ 3ˆ 0.3q

“ 0.3p2´ 0.9q

“ 0.3ˆ 1.1

“ 0.33

x2 “ 0.3p2´ 3ˆ 0.33q

“ 0.33p2´ 0.99q

“ 0.33ˆ 1.01

“ 0.3333

x3 “ 0.3333p2´ 3ˆ 0.3333q

“ 0.33333333

How to compute ej “ |xj ´ x̄|?

• For general examples, x̄ is not available, ej cannot be calculated.

• To verify your code, one can use examples than have exact solution, namely, x̄ is known.

• ej can be approximated:

ej « |xj ´ x̄ref |

x̄ref “ xJ J ąą j

2.3 Secant method

To solve fpxq “ 0,
Newton: xj

xj`1 “ xj ´
fpxjq

f 1pxjq

There’re application where f 1 is expensive or non-trivial to compute. Instead, we use f 1pxjq «
fpxjq ´ fpxj´1q

xj ´ xj´1

Secant Method:

xj`1 “ xj ´
fpxjqpxj ´ xj´1q

fpxjq ´ fpxj´1q

j ě 1, with x0, x1 given.
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To verify:
fpxjq ´ fpxj´1q

xj ´ xj´1
“
fpxjq ´ 0

xj ´ xj`1

With x,w is to take into account storage,
Algorithm (Secant Method):

Initialization: Pick x0, x, tol ą 0, Imax ą 0(possibly xmax ą 0)
Let err “ 10ˆ tol, j “ 0
while err ą tol do

z “
fpxjqpxj ´ xj´1q

fpxjq ´ fpxj ´ 1q
“
fpxqpx´ wq

fpxq ´ fpwq
err “ |z| “ abspzq
xj`1 “ xj ´ z (w ´ x, x “ x´ z)
j “ j ` 1
if j ą Imax then

STOP
end
if |xj`1| ą xmax then

STOP
end

end

Theorem 2.4. Given f P C2pra, bsq with fpx̄q “ 0 for some x̄ P pa, bq, and f 1px̄q ‰ 0. Start with x0, x
that is sufficiently close to x̄, then secant method converges to x̄, namely

lim
jÑ8

xj “ x̄

And the error ej “ |xj ´ x̄| satisfies
ej`1 “ Dje

r
j

where r “

?
5` 1

2
« 1.618 and limjÑ8Dj “

ˇ

ˇ

ˇ

ˇ

f2px̄q

2f 1px̄q

ˇ

ˇ

ˇ

ˇ

r´1

Convergence of Newton’s Method: Super Linear

2.4 Sensitivity of root-finding problems

What is effectively solved on computer (or by MATLAB) is a perturbed problem:

f̂pxq “ fpxq ` hpxq “ 0

(original: fpxq “ 0, hpxq: due to finite-precision arithmetic)
Consider solving fpxq “ 0, the solution is x̄.
Perturbed problem:

f̂pxq “ fpxq ` εhpxq

0 ă ε ăă 1

It’s root is

x̂ “ x̄`∆x

|∆x| ăă 1
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”Try to establish the relation of ε and ∆x”

f̂px̂q “ 0

fpx̄`∆xq ` εhpx̄`∆xq “ 0

fpx̄q `∆xf 1px̄q `Op∆x2q ` εphpx̄q `∆xh1px̄q `Op∆x2qq “ 0

∆xpfpx̄q ` εh1px̄qq ` εhpx̄q « 0

∆x « ´
εhpx̄q

f 1px̄q ` εh1px̄q

« ´ε
hpx̄q

f 1px̄q

This tells the sensitivity of x̄, with the perturbation of εhpxq.
Example:

fpxq “ px´ 1q ¨ ¨ ¨ px´ 7q

“ Π7
n“1px´ nq

hpxq “ x7

f̂pxq “ fpxq ` εhpxq

To capture the root x̄ “ 6 of fpxq “ 0, the root of f̂ is x̂ “ x̄`∆x:
From analysis:

∆x « ´ε
hpx̄q

f 1pxq

hpx̄q “ 67

f 1pxq “
7
ÿ

m“1

Π7
n“1,n‰mpx´ nq

f 1pxq “ px´ 1qpx´ 2qpx´ 3qpx´ 4qpx´ 5qpx´ 7q|x“x̄“6

“ 5!p´1q

“ ´5!

∆x

ε
«
´hpx̄q

f 1px̄q

“
67

5!
“ 2332.8

In demo:

ε “ 10´6 ∆x

ε
« 2.3322ˆ 103

ε “ 10´10 ∆x

ε
« 2.3328ˆ 103

Less Sensitive: Well-Conditioned
More Sensitive: Ill- Conditioned
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2.5 Fixed Point Iteration

To solve fpxq “ 0:
Recall Newton’s method:
x0: Initial

xj`1 “ xj ´
fpxjq

f 1pxjq
, j “ 0, 1, 2 ¨ ¨ ¨

If x0 « x̄, xj Ñ x̄, f 1px̄ ‰ 0q as j Ñ8

Define gpxq “ x´
fpxq

f 1pxq
The newton’s method is also

xj`1 “ gpxjq

On the other hand, x̄ also satisfies

x “ gpxq “ x´
fpxq

f 1pxq

(x “ gpxq)

Definition 2.1. z is a fixed point of the function G if

z “ Gpzq

Fixed Point Iteration (FPI):
Let x0 be an initial guess:

xj`1 “ Gpxjq j “ 1, 2 ¨ ¨ ¨

x1 “ Gpx0q

x2 “ Gpx1q ¨ ¨ ¨

How to fixed point problem /iteration related?
If the FPI converges:

xj Ñ z as j Ñ8

If G is continuous,
Gpxjq Ñ Gpzq as j Ñ8

That is, the limit z of xj is a fixed point of G.
Quick Summary:

• The solution x̄ of fpxq “ 0 is also a fixed point of

gpxq “ x´
fpxq

f 1pxq

• Newton’s Method is a fixed point iteration to find a fixed point of g.

Remarks:

• Fixed point problem are general class of problem.

• FPI is to try to capture a fixed point. The method may converge (hence work), or may diverge
(hence fail).
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• A root finding problem can be converted to a fixed point problem:

fpxq “ 0

Newton’s x “ gpxq “ x´
fpxq

f 1pxq

x “ x´ 100fpxq

x “ x` fpxq

cospxq “ 2 sinpxq

x´ 2 sinpxq ´ cospxq ` x

Examples

1. To solve x3 ` x´ 1 “ 0 (two messages:1) root finding ùñ many fixed point problems, 2) some
FPI works, some don’t)

Convert to fixed point problem:

x “ g1pxq “ 1´ x3 ˆ

x “ g2pxq “
3
?

1´ x
‘

x “ g3pxq “
1` 2x3

1` 3x2

‘

g(x) = sx+T, s, T two constants

Fixed point problem:

x “ gpxq “ sX ` T

x “
T

1´ S
ps ‰ 1q

Indeed:
When |s| ą 1, the scheme diverges
When |s| ă 1, the scheme converges

Some analysis:
x “ gpxq “ sx` {t

FPI:

xj “ spxj´1q ` T

x̄ “ sx̄` T

(x̄ is a fixed point of g)
L̄inear convergence:

pxj ´ x̄q “ spxj´1 ´ x̄q

“ s2pxj´2 ´ x̄q

¨ ¨ ¨

“ sjpx0 ´ x̄q

For xj Ñ x̄ as j Ñ8 ðñ |s| ă 1
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Theorem 2.5 (Fixed Point Iteration). Assume g, g1 are continuous. Let x̄ be a fixed point of g and
s “ |g1px̄q| ă 1. Then the fixed point iteration xj`1 “ gpxjq converges linearly, when x0 is sufficiently
close to x̄.
That is

ej “ cjej´1

and cj Ñ s as j Ñ8, here ej “ |xj ´ x̄|

Finally, we go back to Newton’s method, which is a FPI, with gpxq “ x´
fpxq

f 1pxq
Assume fpx̄q “ 0

g1pxq “ 1´

ˆ

f 1pxqf 1pxq ´ fpxqf2pxq

pf 1pxqq2

˙

“
fpxqf2pxq

pf 1pxqq2

s “ |g1pxq| “

ˇ

ˇ

ˇ

ˇ

fpx̄qf2px̄q

pf 1pxqq2

ˇ

ˇ

ˇ

ˇ

“ 0

Therefore, Newton’s method is a locally convergent FPI.
KEY: (for FPI works)
Contractive property: There exists a constant r: 0 ă r ă 1, such that |gpx1q ´ gpx2q| ď r|x1 ´ x2|

for any relevant x1, x2 (say in a neighborhood of a fixed point x̄).

3 Solving systems of equations

To solve more than one equation together. We start with systems of linear equation.
In matrix- vector form:
To solve

Ax “ b

for x P Rn
where A P Rnˆn, B P Rn are given, and A is invertible, therefore, x “ A´1b

Definition 3.1. A is invertible, if there exists B P Rnˆn such that

AB “ BA “ Rnˆn

3.1 Iterative methods

Ax “ b xk Ñ xk`1

Example
#

3u` v “ 5 First equation

u` 2v “ 5 Second equation

Matrix-Vector form:

A “

„

3 1
1 2



b “

„

5
5



Ax “ b, x unknown, start with an initial

x0 “

„

up0q

vp0q



“

„

0
0
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3.1.1 Jacobi Method

Idea: Solve the ith unknown from the ith equation:

u “
5´ v

3
v “

5´ u

2

$

’

&

’

%

up1q “
5´ vp0q

3
“

5

3

vp1q “
5´ up0q

2
“

5

2

xp1q “

»

—

–

5

3
5

2

fi

ffi

fl

$

’

&

’

%

up2q “
5´ vp1q

3
“

5

6

vp2q “
5´ up1q

2
“

5

3

xp2q “

»

—

–

5

6
5

3

fi

ffi

fl

xpkq Ñ x “

„

1
2



as k Ñ8

If:
Ax “ b xk Ñ xk`1

Example
#

u` 2v “ 5 First equation

3u` v “ 5 Second equation

Apply Jacobi method with

xp0q “

„

up0q

vp0q



“

„

0
0



So
u “ 5´ 2v v “ 5´ 3u

Therefore,

xp1q “

„

up1q

vp1q



“

„

5´ 2vp0q

5´ 3up0q



“

„

5
5



xp2q “

„

up2q

vp2q



“

„

5´ 2vp1q

5´ 3up1q



“

„

´5
´10



xpkq diverges as k Ñ8

Definition 3.2. A “ paijq P Rnˆn is strictly diagonally dominant if for each 1 ď i ď n,

|aij | ą
ÿ

j‰i

|aij |

That is, each diagonal entry dominates its row in the sense that it is greater in magnitude than the
sum of magnitude of the remainder of entries in its row.
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Jacobi method converges if A is strictly dominant. (Sufficient Condition)
Express Jacobi method in matrix-vector form:

A “

„

a11 a12

a21 a22



b “

„

b1
b2



x “

„

u
v



Scheme:
#

a11u
k ` a12v

k´1 “ b1

a21u
k´1 ` a22v

k “ b2

ðñ

„

a11 0
0 a22

 „

upkq

vpkq



“ ´

„

0 a12

a21 0

 „

uk´1

vk´1



` b

ðñ Dxk “ b´ pL` Uqxk´1

Since

A “

„

a11 0
0 a22



`

„

0 a12

0 0



`

„

0 0
a21 0



“ D ` U ` L

Ax̄ “ b

ðñ pD ` U ` Lqx̄ “ b

ðñ Dx̄ “ b´ pU ` Lqx̄

Assume D is invertible,
x “ D´1pb´ pU ` Lqxq “ Gpxq

(Fixed point problem)
Fixed point iteration:

xk`1 “ Gpxk`1q

Specially,
xk`1 “ D´1pb´ pU ` Lqxkq

Idea: To get the kth iterate xk, solve the ith unknown from the ith equation, based on xk´1

3.1.2 Gauss-Seidel Method

Idea: Solve ith unknown from the ith equation, using the most updated values of the unknowns.
Revisit example:

Ax “ b xk Ñ xk`1

Example

#

3u` v “ 5 First equation

u` 2v “ 5 Second equation

x0 “

„

up0q

vp0q



“

„

0
0



u “
5´ v

3
v “

5´ u

2
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$

’

&

’

%

up1q “
5´ vp0q

3
“

5

3

vp1q “
5´ up1q

2
“

5

2
$

’

&

’

%

up2q “
5´ vp1q

3
“

10

9

vp2q “
5´ up2q

2
“

35

18

Matrix -Vector form of GS:

#

a11u
k ` a12v

k´1 “ b1

a21u
k ` a22v

k “ b2

ðñ

„

a11 0
a21 a22

 „

upkq

vpkq



“ ´

„

0 a12

0 0

 „

uk´1

vk´1



` b

ðñ pD ` Lqxk “ b´ Uxk´1

Fixed point problem:

pD ` Lqx̄ “ b´ Ux̄

x̄ “ pD ` Lq´1pb´ Ux̄q

“ Gpx̄q

GS method:
To solve Ax̄ “ b, for x̄ P Rn, where A P Rnˆn, b P Rn, and A “ D ` L` U
Gauss - Seidel method is

pD ` Lqxpkq “ b´ Uxpk´1q

where D is invertible,
xpkq “ D´1pb´ Uxpk´1q ´ Lxpkqq

Idea: To solve the ith unknown from the ith equation, using the most recently updated unknowns.
To solve

Ax “ b

where A P Rnˆn, B P Rn are given.
M is invertible, a splitting of A:

A “M ´N

Ax̄ “ b

ðñ Mx̄ “ Nx` b

ðñ x̄ “M´1pNx` bq

“ Gpx̄q

For Jacobi method:
M “ D N “ ´pL` Uq

Gauss-Seidel mdethod:
M “ D ` L N “ ´U

(fixed point iteration for the related x̄ “ Gpx̄q)
page 26 of 71



Jingmin Sun MATH 4800 Numerical Computing (2019-Spring)

General form of these two method:
Problem :

x̄ “ Bx̄` d (1)

Numerical method
xk “ Bxk´1 ` d (2)

Question on convergence:
(2) - (1)

xk ´ x “ Bpxk´1 ´ xq

zk “ Bzk´1

“ B2zk´2

“ Bkz0

z
pkq
i Ñ 0 as k Ñ8 iff |λi| ă 1

That is , when B “

»

–

λ1 ¨ ¨ ¨ ¨ ¨ ¨

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨

¨ ¨ ¨ ¨ ¨ ¨ λn

fi

fl, then xk “ Bxk´1 ` d

It converges to x̄, (the solution of x̄ “ Bx̄`d), if all eigenvalues of B are bounded by 1 in their absolute
values.
Spectral radius of B:

“ max
1ďiďn

|λi|

“ ρpBq

λi is an eigrnvalue of B
Converge ðñ ρpBq ă 1

Theorem 3.1. Let B P Rnˆn, the xpk`1q “ Bxk ` d converges to a solution of x̄ “ Bx̄ ` d for any
given d and initial x0 iff the spectral radius ρpBq ă 1

Theorem 3.2. Given A P Rnˆn, If A is strictly diagonally dominant, then

• A is invertible

• Jacobi and Gauss-Seidel methods applied to Ax̄ “ b converges to the unique solution for any
b P Rn, and with any initial x0

For the related :

xk`1 “ Bxk ` d

ρpBq ă 1

3.2 Direct Method

Gaussian Elimination (GE) and LU factorization:
Given A P Rnˆn, b P Rn. A is invertible, we want to solve Ax “ b for x P Rn
They’re methods that involve finitely many operations.
A special case: when A is upper triangular, that is aij “ 0 for any i ą j.
The algorithm process is back substitution: To solve upper triangular system:
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In general, x “

„

x1

x2 ¨ ¨ ¨xn



,

a11x1 ` a12x2 ` ¨ ¨ ¨ ` a1nxn “ b1

a22x2 ` ¨ ¨ ¨ ` a2nxn “ b2

¨ ¨ ¨

an´1n´1xn´1 ` an´1nxn “ bn´1

annxn “ bn

To solve using back substitution:

xn “
bn
ann

Cost “ 1

xn´1 “
bn´1 ´ an´1nxn

an´1n´1
Cost “ 3

¨ ¨ ¨

x2 “
b2 ´ a23x3 ´ ¨ ¨ ¨ ´ a2nxn

a22
Cost “ 2pn´ 1q ´ 1

x1 “
b1 ´ a12x2 ´ ¨ ¨ ¨ ´ a1nxn

a11
Cost “ 2n´ 1

Computational Complexity of B.S:

1` 3` 5` ¨ ¨ ¨ ` p2n´ 1q

“

n
ÿ

j“1

2j ´ 1

“2
n
ÿ

j“1

j ´ n

“npn` 1q ´ n

“n2

Back substitution:
A “ paij P Rnˆnq: Upper triangular (aij “ 0@i ą j)

b̄ “

»

–

b1
b2
¨ ¨ ¨ bn

fi

fl P Rn

To solve Ax̄ “ b for x P Rn Algorithm:

for i “ n : ´1 : 1 do
for j “ i` 1 : n do

bpiq “ bpiq ´ api, jq ˚ xpjq
end

xpiq “
bpiq

apijq
end

Another special case: A is lower triangular, that is, aij “ 0 for any i ă j.
Forward substitution: Cost n2.
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General form:

rA|bs

Tableau form (augmented matrix):

»

—

—

–

a11 a12 ¨ ¨ ¨ a1n | b1
a21 a22 ¨ ¨ ¨ a2n | b2
¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ | ¨ ¨ ¨

an1 an2 ¨ ¨ ¨ ann | bn

fi

ffi

ffi

fl

We want to zero out the entries below the main diagonal:
Start with first column:

Rowi ´
ai1
a11

Row1 Ñ Rowi

ðñ ai1 ´
ai1
a11

a11 “ 0 ai2 ´
ai1
a11

a12

(all zeros, no need to compute)
Cost:

»

—

—

—

—

—

—

—

–

0
2n` 1 0
2n` 1 2pn´ 1q ` 1 0

...
...

...
. . .

2 ¨ 3` 1 0
2n` 1 2pn´ 1q ` 1 ¨ ¨ ¨ 2 ¨ 3` 1 2 ¨ 2` 1 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

Total cost will be

# “

n´1
ÿ

j“1

p2pj ` 1q ` 1q ¨ j

“

n´1
ÿ

j“1

p2j ` 3q ¨ j

“ 2
n´1
ÿ

j“1

j2 ` 3
n´1
ÿ

j“1

j

“
2

3
n3 `

1

2
n2 ´

7

6
n

«
2

3
n3

“ Opn3q

This leads to the algorithm Gaussian Elimination (GE) that converts a full system to an upper-
triangular system. We then call back substitution, this altogether solves Ax “ b.
Cost

GE «
2

3
n3

back substitution “ n2

add up «
2

3
n3
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Gaussian Elimination
A “ paijq P Rnˆn b P Rn for i “ 1 : n´ 1 do

if |apj, jq| ă eps then
Error

end
for i “ j ` 1 : n do

z “
api, jq

apj, jq
for k “ j ` 1 : n do

api, kq “ api, kq ´ z ˚ apj.kq
end
bpiq “ bpiq ´ z ˚ bpjq

end

end

To reduce A to an upper triangular U, namely, A Ñ U , essentially is to find the LU factorization of
A, A “ LU
U : Upper-triangular L : Lower-triangular, where the main diagonal entries are 1

Revisit matrix multiplication: Given

A “ paijq P Rnˆn

B “ pbijq P Rnˆn

We know C “ AB “ pcijq P Rnˆn, where cij “
řn
k“1 aikbkj

Let βi be the ith row of B:
Take a look at ith row of C:

“

ci1 ci2 ¨ ¨ ¨ cin
‰

“
“
řn
k“1 aikbk1

řn
k“1 aikbk2 ¨ ¨ ¨

řn
k“1 aikbkn

‰

“ ai1β
T
1 ` ai2β

T
2 ` ¨ ¨ ¨ ` ainβ

T
n

ith row of C is a linear combination of rows of B, with the coefficients from ith row of A.
To understand GE, go back to example Ax “ b

A “

»

–

1 1 1
2 4 1
5 ´1 ´1

fi

fl b “

»

–

1
0
2

fi

fl x “

»

–

u
v
w

fi

fl

Tableau form:
»

–

1 1 1 | 1
2 4 1 | 0
5 ´1 ´1 | 2

fi

fl

R2´2R1
ÝÝÝÝÝÑ

»

–

1 1 1 | 1
0 2 ´1 | ´2
5 ´1 ´1 | 2

fi

fl

R3´5R1
ÝÝÝÝÝÑ

»

–

1 1 1 | 1
0 2 ´1 | ´2
0 ´6 ´6 | ´3

fi

fl

R3´p´3qR2
ÝÝÝÝÝÝÝÑ

»

–

1 1 1 | 1
0 2 ´1 | ´2
0 ´6 ´9 | ´9

fi

fl
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Express every step using matrix notation:
»

–

1 0 0
0 1 0
0 3 1

fi

fl

»

–

1 0 0
0 1 0
´5 0 1

fi

fl

»

–

1 0 0
´2 1 0
0 0 1

fi

flA “ U “

»

–

1 1 1
0 2 ´1
0 0 ´9

fi

fl

6 A “

»

–

1 0 0
´2 1 0
0 0 1

fi

fl

´1 »

–

1 0 0
0 1 0
´5 0 1

fi

fl

´1 »

–

1 0 0
0 1 0
0 3 1

fi

fl

´1

U

“

»

–

1 0 0
2 1 0
0 0 1

fi

fl

»

–

1 0 0
0 1 0
5 0 1

fi

fl

»

–

1 0 0
0 1 0
0 ´3 1

fi

flU

“

»

–

1 0 0
2 1 0
5 ´3 1

fi

flU

Once we have LU factorization of A, namely A “ LU , then Ax “ b

ðñ LUx “ b Cost “
2

3
n3

ðñ

#

Ly “ b For y Cost =n2

Ux “ y For x Cost =n2

GE method does not always work, typical step

Rowi ´
aij
ajj

Rowj Ñ Rowi

ajj “ 0 Ñ fail.
Remedy: Pivoting: is preferred to have the highest magnitude, and this is to have a less sensitive
problem to rounding error.
Two purpose:

• GE cam continue

• The scheme will be less sensitive to rounding error

3.3 Sensitivity of Ax “ b and condition number of A

As some preparation: How to measure the size of a vector and how to measure the difference?

x “

»

—

—

–

x1

x2

¨ ¨ ¨

xn

fi

ffi

ffi

fl

P Rny “

»

—

—

–

y1

y2

¨ ¨ ¨

yn

fi

ffi

ffi

fl

P Rn

||x||2 “

˜

n
ÿ

j“1

|xj |
2

¸

1

2

||x||8 “ max
1ďjďn

|xj |
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Difference:

||x´ y||2 “

˜

n
ÿ

j“1

|xj ´ yj |
2

¸

1

2

||x´ y||8 “ max
1ďjďn

|xj ´ yj |

A norm || ¨ || of Rn needs 3 properties:

• ||x|| ě 0 and ||x|| “ 0 ðñ x “ 0

• ||ax|| “ |a|||x||, a P R, x P Rn

• ||x` y|| ď ||x|| ` ||y||, @x, y P Rn

ðñ ||x´ z|| ď ||x´ y|| ` ||y ´ z||

How to measure a matrix? Similar three properties required.
One example:

||A||8 “ max
1ďiďn

n
ÿ

j“1

|aij |

sum of absolute value of ith row.
Sensitivity of Ax “ b is determined by the condition number of A. condpAq “ ||A||||A´1|| with
8´norm: condpA,8q “ ||A||8||A

´1||8

Overall: The larger the condition number of A is, the more sensitive solving Ax “ b is with respect
to rounding error. (Regardless of || ¨ ||)

Generally: To solve Ax “ b on a computer, and get xc, then
||x´ xc||

||x||
« εmachcondpAq

Double precision : ε « 10´16

Demo: Example:

A “

„

1 1
1` ε 1



0 ă ep ă 1

condpA,8q “ ||A||8||A
´1||8

||A||8 “ 2` ε

A´1 “ ´
1

ε

„

1 ´1
´1´ ε 1



||A´1||8 “
2` ε

ε

condpA,8q “
p2` εq2

ε
«

4

ε

Example: Hilber matrix:

aij “
1

i` j ´ 1

H “ hilbpnq
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Ax “ b

BAx “ Bb

condpBAq ăăă conspAq

B:invertible, it is the ”preconditioner”, best: B “ A´1 is the best.

3.4 Symmetric positive definite matrix and Cholasky factorization

:

Definition 3.3. A P Rnˆn, A is symmetric if A “ AT . A is positive definite if xTAx ą 0 for any
nonzero x P Rn.

Theorem 3.3. Let A P Rnˆn be symmetric, A is positive definite if and only if all eigenvalues of A
are positive.

Proof : Idea: Take x to be an eigenvector of an eigenvalue λ:
Then

xTAx “ xTλx

“ λxTx

“ λ||x||22 ą 0

ùñ λ ą 0

Theorem 3.4 (Negative results). Assume A P Rnˆn is symmetric:

• A is not positive definite if some diagonal entry is negative or zero.

• A is not positive definite if the largest entry of A, in absolute value, is off the diagonal.

• A is not positive definite if detpAq ď 0

Proof :

• Take x “ ei “

»

—

—

—

—

—

—

—

—

—

—

–

0
...
0
1
0
...
0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

, eTi Aei “ aii

• Take

x “ ei ` ej

xTAx “ aii ` 2aij ` ajj ą 0

x “ ei ´ ej

xTAx “ aii ´ 2aij ` ajj ą 0

´2aij ą ´paii ` ajjq

2aij ă aii ` ajj

|aij | ă
aii ` ajj

2
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•

detpAq “ λ1λ2 ¨ ¨ ¨λn

Due to detpλI ´Aq “ 0

pλ´ λ1qpλ´ λ2q ¨ ¨ ¨ pλ´ λnq “ 0

Take

λ “ 0

detp´Aq “ Πn
i“1λip´1qn

detpAq “ Πn
i“1λi

Theorem 3.5. Let A P Rnˆn be SPD, then it always has cholesky factorization:

A “ RTR

R is upper-triangular, and rii ą 0, i “ 1, 2 ¨ ¨ ¨n

Recall: Cost of GE/LU factorization:
2

3
n3

Cost of Cholesky factorization:
1

3
n3 (half of LU/GE ) due to symmetry.

Given A P Rnˆn, it’s SPD, Given b P Rn, to solve Ax “ b

• Step 1 : Find R such that

A “ RTR
1

3
n3

• Step 2: Solve

RT y “ b n2

• Step 3: Solve x from

Rx “ y n2

How to find Cholesky factorization:
Example:

A “

„

2 2
2 5



A “

„

2 2
2 5



“

„

r11 0
r12 r22

 „

r11 r12

0 r22



“

„

r2
11 r11r12

r12r11 r2
11 ` r

2
22



Compare entry by entry (1st column, the 2nd column, use symmetry, so not all entries need to be
examined).
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2 “ r2
11 pr11 ą 0q

ùñ r11 “
?

2

2 “ r12r11

r12 “
?

2

5 “ r2
11 ` r

2
22

r22 “
?

3

R “

„?
2
?

2

0
?

3



Remark: The procedure in the example can be extended to a SPD matrix A P Rnˆn (any n)

3.5 Nonlinear systems of equations

We want to solve

f1px1, x2 ¨ ¨ ¨xnq “ 0

f2px1, x2 ¨ ¨ ¨xnq “ 0

¨ ¨ ¨

fnpx1, x2 ¨ ¨ ¨xnq “ 0

and solve for x1, x2 ¨ ¨ ¨xn
Recall: TO solve fpxq “ 0, start from x0

fpxq “ fpx0q ` f
1px0qpx´ x0q ` ¨ ¨ ¨ fpx0q ` f

1px0qpx´ x0q “ f̂pxq

(Linear polynomial of degree 1)

We instead solve f̂pxq “ 0 ùñ this gives x, newton’s method
Newton: Approximate fpxq by linear polynomial.
Solve

#

f̂px, yq “ 0

ĝpx, yq “ 0

Let

F px, yq “

„

fpx, yq
gpx, yq



DF px, yq “ JF px, yq “

»

—

–

Bf

Bx

Bf

By
Bg

Bx

Bg

By

fi

ffi

fl

Approximation Step:

F px, yq « F px0, y0q ` JF px0, y0q

„

x´ x0

y ´ y0



page 35 of 71



Jingmin Sun MATH 4800 Numerical Computing (2019-Spring)

Algorithm (Newton’s Method):

Start with an initial

„

x0

y0



, for k “ 0, 1, 2 ¨ ¨ ¨ Solve S P R2 from

JF pxk, ykqs “ ´F pxk, ykq
„

xk`1

yk`1



“

„

xk
yk



` s

Stop if ||s|| ă tol, or k ą kmax
Core:Linearization

4 Interpolation and data fitting

fpxq « f̂pxq based on several points on the graph:

f̂pxq: Simpler form, an approximation of fpxq:

• Extract information of data

• Approximate functions

4.1 Interpolation : Global

In general, given px1, y1q, px2, y2q, ¨ ¨ ¨ pxn`1, yn`1q

Definition 4.1. A function y “ ppxq interpolates the points given above if yj “ Pxj
, j “ 1, 2, ¨ ¨ ¨n`1

For now, we assume P pxq is a polynomial of degree n.
Problem:

#

Given pxj , yjq j “ 1, 2, ¨ ¨ ¨n` 1

find Pnpxq

such that Pnpxjq “ yj , j “ 1, 2, ¨ ¨ ¨n` 1

4.1.1 Direct method

Look for
Pnpxq “ a0 ` a1x` ¨ ¨ ¨ ` anx

n

such that Pnpxjq “ yj , j “ 1, 2, ¨ ¨ ¨n` 1

a0 ` a1x1 ` a2x
2
1 ` ¨ ¨ ¨ ` anx

n
1 “ y1

a0 ` a1x2 ` a2x
2
2 ` ¨ ¨ ¨ ` anx

n
2 “ y2

¨ ¨ ¨

a0 ` a1xn`1 ` a2x
2
n`1 ` ¨ ¨ ¨ ` anx

n
n`1 “ yn`1

In matrix- vector form:

a “

»

—

—

–

a0

a1

¨ ¨ ¨

an

fi

ffi

ffi

fl

y “

»

–

y1

y2

¨ ¨ ¨ yn`1

fi

fl
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we have

A “

»

—

—

–

1 x1 x2
1 ¨ ¨ ¨ xn1

1 x2 x2
2 ¨ ¨ ¨ xn2

¨ ¨ ¨ ¨ ¨ ¨

1 xn`1 x2
n`1 ¨ ¨ ¨ xnn`1

fi

ffi

ffi

fl

(Vandermonde Matrix)
Aa “ y, A is square.
Unique solvability ðñ A is invertible ðñ detpAq ‰ 0

Lemma 4.1.
detpAq “ Π1ďiăjďn`1pxj ´ xiq

Theorem 4.2. Given tpxj , yjqu
n`1
j“1 the interpolating polynomial Pnpxq exists uniquely ðñ txju

n`1
j“1

are distinct.

Discussion:

• Given tpxi, yiqu
n`1
i“1 , txiu

n`1
i“1 are distinct, Pnpxq is the unique polynomial interpolant of degree n.

ùñ Pn`1pxq “ Pnpxq ` cpx´ x1qpx´ x2q ¨ ¨ ¨ px´ xn`1q

Pn`1pxq “ Pnpxq ` cpq|x “ xi

c: any constant, interpolants of polynomial of higher degree.
Pn`1pxq: Infinitely many

• Given 3 points:

Polynomial of degree 1 ¡- Special polynomials of degree 2.

a0 ` a1x` a2x
2

a1, a2 can be zero.

• In practice, Vandermonde matrix can be ill-conditioned.

Example:

x “

»

—

—

–

x1

x2

¨ ¨ ¨

xn`1

fi

ffi

ffi

fl

“

»

—

—

–

1
2
1
3
¨ ¨ ¨
1
n

fi

ffi

ffi

fl

A “ V anderpxq

condpAq « 753 n “ 4

« 2, 4ˆ 105 n “ 6

« 1.52ˆ 108 n “ 8

« 1.59ˆ 1011 n “ 10
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4.1.2 Lagrange Approach

Problem:

tpxi, yiu
n`1
i“1 look for Pnpxq

tpxiu
n`1
i“1 distinct

Pnpxiq “ yi

n “ 1: Two points:

P1pxq “ y1 `
y2 ´ y1

x2 ´ x1
px´ x1q

“ y1

ˆ

1´
x´ x1

x2 ´ x1

˙

` y2

ˆ

x´ x1

x2 ´ x1

˙

“ y1

ˆ

x´ x2

x1 ´ x2

˙

` y2

ˆ

x´ x1

x2 ´ x1

˙

“ y1l
p1qpxq ` y2l

p2qpxq

Features of l p1qpxq, l p2qpxq

• Polynomial of degree 1

•

l p1qpx1q “ 1

l p1qpx2q “ 0

l p2qpx1q “ 0

l p2qpx2q “ 1

ðñ lpiqpxiq “ δij “

#

1 i “ j

0 i ‰ j

For general n,

Pnpxq “ y1l
p1qpxq ` y2l

p2qpxq ` ¨ ¨ ¨ ` yn`1l
pn`1qpxq

“

n`1
ÿ

j“1

yj l
pjqpxq

• l pjqpxq: Polynomial of degree n

• l pjqpxiq “ δij ùñ uniquely exists, as it interpolate px1, 0q ¨ ¨ ¨ pxi´1, 0q, pxi`1, 0q ¨ ¨ ¨ pxn`1, 0q

l pjqpxq “
px´ x1q ¨ ¨ ¨ px´ xj´1qpx´ xj`1q ¨ ¨ ¨ px´ xn`1q

pxj ´ x1q ¨ ¨ ¨ pxj ´ xj´1qpxj ´ xj`1q ¨ ¨ ¨ pxj ´ xn`1q

”Lagrange Polynomial”

Remark:
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• In approach 1:
Pnpxq “ a0 ` a1x` ¨ ¨ ¨ ` anx

n

1, x, x2 ¨ ¨ ¨xn: Monomial basis of polynomial degree up to n.

• In approach 2: A different basis: ”Lagrange basis” l p1qpxq, l p2qpxq, ¨ ¨ ¨ l pn`1qpxq

• Also if

Pnpxq “
n`1
ÿ

j“1

yj l
pjqpxq

then

Pnpxq “
n`1
ÿ

j“1

yjδij “ yj

ùñ yi “ Pnpxiq

Coefficients of lagrange representation give function values at xj , j “ 1, 2, ¨ ¨ ¨

4.1.3 Newton’s divided difference

Recall: Given 1 point px1, y1q, then P0px1q “ y1

Given two points px1, y1q, px2, y2q,

P1pxq “ y1 `
y2 ´ y1

x2 ´ x1
px´ x1q

“ P0pxq ` a1px´ x1q

(a1px´ x1q is correction)
To verify:

P1px1q “ P0px1q ` a1px1 ´ x1q “ P0px1q

P1px2q “ P0px2q ` a1px2 ´ x1q

“ y1 `
y2 ´ y1

x2 ´ x1
px2 ´ x1q “ y2

Now we add one more point px3, y3q

P2pxq “ P1pxq ` a2px´ x1qpx´ x2q

we can see

P2px1q “ P1px1q ` 0 “ y1

P2px2q “ P1px2q ` 0 “ y2

P2px3q “ P1px3q ` a2px3 ´ x1qpx3 ´ x2q “ y3

ùñ a2 “
y3 ´ P1px3q

px3 ´ x1qpx3 ´ x2q

“

y3´y2
x3´x2

´
y2´y1
x2´x1

x3 ´ x1

(Related to ”Divided Difference”)
Given tpxj , yjqu

n
j“1, n points, txju

n
j“1 distinct

Pn´1pxq: Unique interpolating polynomial of degree n´ 1
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Now, suppose there is an extra point pxn`1, yn`1q, xn`1 ‰ xj , j “ 1, 2, ¨ ¨ ¨n:

Pnpxq “ Pn´1pxq ` anpx´ x1q ¨ ¨ ¨ px´ xnq

One can check:

Pnpxiq “ Pn´1pxiq ` 0

“ yi i “ 1 ¨ ¨ ¨n

Pnpxn`1q “ Pn´1pxn`1q ` anpxn`1 ´ x1q ¨ ¨ ¨ pxn`1 ´ xnq

“ yn`1

ùñ an “
yn`1 ´ Pn´1pxn`1q

pxn`1 ´ x1q ¨ ¨ ¨ pxn`1´xnq

Introduce some notation:
Given tpxi, yiqu

n`1
i“1

Define divided difference, recursively:

grxjs “ yj @j

grxj , xj`1s “
gpxj`1q ´ gpxjq

xj`1 ´ xj
@j

grxj , xj`1, xj`2s “
grxj`1, xj`2s ´ grxj , xj`1s

xj`2 ´ xj
@j

¨ ¨ ¨

grxj , xj`1, xj`2, ¨ ¨ ¨xj`ks “
grxj`1, ¨ ¨ ¨xj`ks ´ grxj ¨ ¨ ¨xj`k´1s

xj`k ´ xj
@j

What we got so far P0pxq, P1pxq, P2pxq ¨ ¨ ¨ can be written in terms of divided difference

P0pxq “ y1 “ grx1s

P1pxq “ P0pxq ` grx1, x2spx´ x1q

“ grx1s ` grx1, x2spx´ x1q

P2pxq “ P1pxq ` grx1, x2, x3spx´ x1qpx´ x2q

In general

Pnpxq “
n`1
ÿ

j“1

grx1, x2 ¨ ¨ ¨xjspx´ x1qpx´ x2q ¨ ¨ ¨ px´ xj´1q

Divided difference can be organized and computed via a table:
Given pxj , yjq, i “ 1, 2, 3
x1 grx1s

x2 grx2s grx1, x2s

x3 grx3s grx2, x3s grx1, x2, x3s

x4 grx4s grx3, x4s grx2, x3, x4s grx1, x2, x3, x4s

To add one new point rx4, y4s, we just need to add one more row in the table.
The diagonal values contribute to the coefficients of the polynomial.
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4.2 Interpolating error

Suppose txj , yju
n`1
j“1 comes from sampling y “ fpxq. tpxjqu

n`1
j“1 are distinct, yj “ fpxjq

Pnpxq: Interpolating polynomial of degree n.
Interpolating error:

|fpxq ´ Pnpxq|

Theorem 4.3.

fpxq ´ Pnpxq “
px´ x1qpx´ x2q ¨ ¨ ¨ px´ xn`1q

pn` 1q!
f pn`1qpcq

c is depend on x and is some number from rminpx, x1, ¨ ¨ ¨ , xn`1q,maxpx, x1, ¨ ¨ ¨ , xn`1qs

Runge’s Phenomenon

1. Related to global interpolation based on equi-distanced points

2. Non-equal distanced sample points, ”Chebyshev nodes”
Local Interpolation

4.3 Interpolation: Local

Given txj , yju
n`1
j“1 with x1 ă x2 ¨ ¨ ¨ ă xn ă xn`1

Recall: An interpolant y “ P pxq of the data, P pxiq “ yi , i “ 1, 2, ¨ ¨ ¨n` 1
So far: P pxq is polynomial of degree n,(global)
We have consider local interpolation

4.3.1 Piecewise linear interpolation

Look for gpxq with gpxq “ gjpxq on rxj , xj`1s, such that gjpxq is linear, (a polynomial of degree 1).,

and

#

gjpxjq “ yj

gjpxj`1q “ yj`1

To find gpxq, by construction, gjpxq “ yj `
yj`1 ´ yj
xj`1 ´ xj

px´ xjq

ùñ existence, uniqueness
‘

In practive, lagrange-type basis is used to represent gpxq.
Φipxq: piecewise linear (hat function)

Φipxq “

#

1 i “ j

0 i ‰ j
“ δij

gpxq “
n`1
ÿ

j“1

yjΦjpxq

Discussion:

1. gpxq is continuous, it’s not differentiable at xj

2. Same xj case : local interpolant will work, global one does not.
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4.3.2 Cubic Spline

Goal: To get better smoothness at xj
Again, given txj , yju

n`1
j“1 , x1 ă x2 ă x3 ¨ ¨ ¨ ă xn`1

We look for gpxq is a cubic polynomial

• Property1:
#

gjpxjq “ yj

gjpxj`1q “ yj`1

• Property2:
g1jpxjq “ g1j´1pxjq

j “ 2, ¨ ¨ ¨n

• Property3:
g2j pxjq “ g2j´1pxjq

j “ 2, ¨ ¨ ¨n

gpxq, g1pxq, g2pxq are continuous.
Unique existence:

gjpxq “ aj ` bjpx´ xjq ` cjpx´ xjq
2 ` djpx´ xjq

3

n intervals: 4n unknowns,
Conditions: 2n` n´ 1` n´ 1
2 condition short: No uniqueness.
Two more conditions can be imposed at both end of the data interval:

1. Choice 1: Natural Splines:

g21px1q “ 0, g2npxn`1q “ 0

2. Choice 2: Clamped Splines:

g11px1q “ α, g1npxn`1q “ β

, α, β are given

3. Choice 3: Not a knot Splines:

g31 px2q “ g32 px2q, g
3
n´1pxnq “ g3n pxnq

With any of the choice above, the cubic spline interpolation can be uniquely determined.
Remark: In general, with more data, all the unknowns can be expressed in terms of tcju

n
j“1 and

c “

»

—

–

c1
...

cn`1

fi

ffi

fl

satisfies a tri-diagonal system, Ac= given. (Opnq)
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4.3.3 Interpolation error

Use piecewise linear interpolation as an example.
Assume tpxj , yju

n`1
j“1 forms a given function, namely yj “ fpxjq,. We want to bound |fpxq ´ gpxq|,

here gpxq is a piecewise linear interpolation.
Recall

gpxq “ gjpxq on rxj , xj`1s

gjpxq is a polynomial of degree 2

gjpxjq “ yj

gjpxj`1q “ yj`1

Consider rxj , xj`1s, gjpxq is a global interpolatant for fpxq based on pxj , yjq, pxj`1, yj`1q. Based on

the error of global interpolant, we know for x P rxj , xj`1s, fpxq ´ gjpxq “
px´ xjqpx´ xj`1q

2
f2pcq, c

is some number from pxj , xj`1q

ðñ |fpxq ´ gjpxq| ď max
xjďxďxj`1

|P pxq||f2psq|

s P pxj , xj`1q

Since P pxq “
px´ xjqpx´ xj`1q

2
, xmax “

xj ` xj`1

2
, and P pxqmax “

pxj`1 ´ xjq
2

8
. For x P

rxj , xj`1s,

|fpxq ´ gpxq| ď
h2
j

8
max |f2psq|

s P pxj , xj`1q

Theorem 4.4. Given f on pa, bq. f,f’,f” are continuous, consider a “ x1 ă x2 ă ¨ ¨ ¨ ă xn`1 “ b, and
the piecewise linear interpolation gpxq of fpxq, h “ max1ďjďn |xj`1 ´ xj |
Then

|fpxq ´ gpxq| ď
1

8
h2 max

sPra,bq
|f2psq|

Therefore, second order accuracy.
Discussion: For what fpxq, the error in g is zero?
Answer: When f(x) is linear polynomial of degree 1.

4.3.4 Least square solution, and the data fitting

Motivation:

1. A P Rmˆn, m ą n, b P Rm to solve Ax “ b for x P Rn

2. To overcome the possible issue of global interpolation (Runge phenomenon) tpxj , yjqu
n`1
j“1 ap-

proximate data by Pmpxq,m ă n.

3. Represent or analyze a more scattered data set.
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4.4 Data Fitting

Review: Matrix- Vector Multiplication:
Given

A “ paijq P Rmˆn

x “

»

—

–

x1

...
xn

fi

ffi

fl

P Rn

Define

Ax “ b “

»

—

–

b1
...
bm

fi

ffi

fl

P Rm

b “

»

—

–

b1
...
bm

fi

ffi

fl

“

»

—

–

řn
j“1 a1jxj

...
řn
j“1 amjxj

fi

ffi

fl

“

n
ÿ

j“1

xj

»

—

–

a1j

...
amj

fi

ffi

fl

Let aj “

»

—

–

a1j

...
amj

fi

ffi

fl

be the jth column of A. Then

b “ Ax “
n
ÿ

j“1

xjaj

“ x1a1 ` x2a2 ` ¨ ¨ ¨ ` xnan

That is Ax is a linear combination of column vector of A, with the coefficients being the entries of x.
Consider

A P Rmˆn

b P Rm

( m ¿ n)

Projection of b into range(A), Find x̂ such that Ax̂ “ b̂
x̂ will be the least squares solution of Ax “ b:

• b P rangepAq

• b´ b̂ K Ax, @x P R2

• b´ b̂ K rangepAq
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ðñ ||b´ b̂||2 “ min ||b´ y||2 @y P rangepAq

If x̂ exists, how to find it?

b´ b̂ “ b´Ax̂ K rangepAq

ðñ pb´Ax̂q K Ax̂ @x P Rn

ðñ pAxqT pb´Ax̂q “ 0 @x P Rn

ðñ xTA
T pb´Ax̂q “ 0 @x P Rn

ðñ xTw “ 0 @x P Rn

Take x “ w,wTw “ 0

w “ 0

ðñ AT b “ ATAx

Or ATAx “ AT b

Existence and uniqueness of x̂
ðñ ATA is invertible
ðñ Columns of A are linearly independent

Proof : Suppose ATA is invertible, let x P Rn, satisfying Ax “ 0 ðñ px1a1 ` x2a2 ` ¨ ¨ ¨xnan “ 0q
ðñ AAx “ AT 0 “ 0
ATA being invertible.
x̂ “ 0
ðñ columns of A are linearly independent.
Suppose columns of A are linear independent, we want to show ATA is invertible.
By conreadiction, otherwise Dy P Rn, y ‰ 0

ATAy “ 0

yTATAy “ 0

||Ay||22 “ 0

Ay “ 0

Columns of A are linearly independent: y “ 0, contradiction
Therefore ATA is invertible.
The existence and uniqueness of x̂:

• ðñ ATA is invertible

• Columns of A are linearly independent.

How to understand x̂ is the best? in what sense?

Lemma 4.5. b̂ P rangepAq, satisfying b´ b̂ K rangepAq

ùñ ||b´ b̂||2 “ min
yPrangepAq

||b´ y||2

ðñ ||b´Ax||2 “ min
xPRn

||b´Ax||2

’Next best’: The residual r “ b´Ax is minimized in || ¨ || sense.
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Proof of Lemma:
Let S “ rangepAq

Let b̂ P S, and it satisfies b´ b̂ K S, we want to show

||b´ b̂||2 “ min
@yPS

||b´ y||2

Consider any y P S:

||b´ y||2 “ ||b´ b̂` b̂´ y||
2
2

“ pb´ b̂` b̂´ yqT pb´ b̂` b̂´ yq

“ pb´ b̂qT pb´ b̂q ` 2pb´ b̂qT pb´ yq ` pb´ yqT pb´ yq

“ ||b´ b̂||22 ` 2pb´ b̂qT pb´ yq ` ||b´ y||22

Note b̂´ y P S, hence 2pb´ b̂qT pb´ yq “ 0, @y P S

ðñ ||b´ y||22 “ ||b´ b̂||
2
2 ` ||b̂´ y||

2
2

ě ||b´ b̂||22

||b´ y||2 ě ||b´ b̂||2

||b´ b̂||2 “ min
@yPS

||b´ y||2

Quadratic least square and linear least square, which is better?

• Intuitively: Quadratic is no worse than linear.

• To measure r “ b´Aa “

»

—

—

—

–

r1

r2

...
rm

fi

ffi

ffi

ffi

fl

Squared Error(SE):
SE “ r2

1 ` r
2
2 ` ¨ ¨ ¨ ` r

2
m “ ||r||

2
2

Root mean squared error(RMSE):

RMSE “

c

SE

m

Discussion: A P Rm¨n, b P Rm
Consider Ax “ b

1. Least square solution (m ą n)

||b´Ax||2 “ min
xPRn

||b´Ax||2

The normal equation:
ATAx “ AT b

Other norm can be used || ¨ ||˚ instead of 2-norm.

2. When m ąą n, computationally solving the normal equation is not the robust way to find LS
solution.
More robust algorithms are available:
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• QR factorization

• SVD decomposition

3. What about Ax “ b, A P Rmˆn, m ă n

Additional constraint are needed

• ||||˚ are needed

• Fewest nonzero entries (Sparsity)

5 Numerical Differentiation and integration

fpxq: To approximate f 1pxq, or to approximate
şb

a
fpxqdx

5.1 Numerical Differentiation

Given a functionfpxq, we sample txj , yju
n`1
j“1 , yj “ fpxjq, we assume xj`1 ´ xj “ h “ constant (not

essential).
n =1 (2 points): P1pxq is the linear interpolation:

P1pxq “ y1 `
y2 ´ y1

x2 ´ x1
px´ x1q

P 11pxq “
y2 ´ y1

x2 ´ x1
“
fpx2q ´ fpx1q

x2 ´ x1

At x1, f 1px1q « P 1px1q “
fpx1 ` hq ´ fpx1q

h

At x2, f 1px2q « P 1px2q “
fpx2 ` hq ´ fpx2q

h

f 1pxq «

$

’

&

’

%

fpx` hq ´ fpxq

h
forward difference

fpxq ´ fpx´ hq

h
backward difference

These approximation can also be derive based on Taylor’s expansion:

fpx` hq ´ fpxq

“hf 1pxq `
h

2
f2pcq

c is some number between x and x` h

fpx` hq ´ fpxq

h
“ f 1pxq `

h

2
f2pcq

Forward different approximation:

f 1pxq „
fpx` hq ´ fpxq

h

The error
h

2
f2pcq is first-order in h, or written as Ophq

Ophnq: For a quantity Qphq, if DH ą 0, such that |Qphq| ď Hhn, @h ą 0, then Qphq “ Ophnq, it’s said
to be nth order of h.
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Similarly,

fpx´ hq “ fpxq “ ´hf 1pxq `
h

2
f2pc̃q c̃ P rx´ h, xs

fpx´ hq ´ fpxq

´h
“
fpxq ´ fpx´ hq

h

“ f 1pxq `
h

2
f2pc̃qpOphqq

ùñ f 1pxq «
fpxq ´ fpx´ hq

h

Backward difference approximation with a first order in h error.
n = 2
P2pxq is quadratic interpolation, xj`1 ´ xj “ h.

P2pxq “ y1 `
y2 ´ y1

h
px´ x1q `

y3 ´ 2y2 ` y1

2h2
px´ x1qpx´ x2q

Take derivative:

P 12pxq “
y2 ´ y1

h
`
y3 ´ 2y3 ` y1

2h2
p2x´ x1 ´ x2q

P 22 pxq “
y3 ´ 2y2 ` y1

h2

At x “ x1

P 12pxq|x“x1
“
y2 ´ y1

h
`
y3 ´ 2y2 ` y1

2h2
p2x1 ´ x1 ´ x2q

“
3y1 ` 4y2 ´ y3

2h

“
´3fpx1q ` 4fpx1 ` hq ´ fpx1 ` 2hq

2h

At x “ x2

P 12pxq|x“x2 “
y2 ´ y1

h
`
y3 ´ 2y2 ` y1

2h2
phq

“
y3 ´ y1

2h

“
fpx2 ` hq ´ fpx2 ´ hq

2h

At x “ x3

P 12pxq|x“x3 “
fpx3 ´ 2hq ´ 4fpx3 ´ hq ` 3fpx3q

2h

This gives us two one-sides approximation and one central approximation.

Similarly:

f2pxq «
fpx` hq ´ 2fpxq ` fpx´ hq

h2

Central approximation
Example: Given fpxq (h ą 0)
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• Approximate f 1pxq using fpxq, fpx` hq, fpx` 2hq (linear combination)

– Up to 2nd order accurate (error = Oph2q)

– What about approximation, of third order? what about 1st order?

• Approximate f 1pxq using fpxq, fpx` hq, fpx` 2hq, up to 1st order, possibly 2nd order accuracy.

Using Taylor Series Expansion:

fpx` 2hq “ fpxq ` 2hf 1pxq `
p2hq2

2!
f2pxq `

p2hq3

3!
f3pxq `Oph4q

fpx` hq “ fpxq ` hf 1pxq `
h2

2
f2pxq `

h3

3!
f3pxq

fpxq “ fpxq

Based on these:

αfpx` 2hq ` βfpx` hq ` γfpxq

“pα` β ` γqfpxq ` p2α` βqhf 1pxq ` p2α` βqhf 1pxq `
4α` β

2
`

4α` β

2
h2f2pxq `

6α` β

6
h3f3pxq `Oph4q

To approximate fpxq1, we first require α` β ` γ “ 0 (consistency). Also require 2α` β ‰ 0.

ùñ
αfpx` 2hq ` βfpx` hq ` γfpxq

p2α` βqh
“ f 1pxq `

4α` β

2p2α` βq
hf2pxq `

8α` β

6p2α` βq
h2f3pxq `Oph3q

To get 2nd order approximation for f 1pxq, we require 4α` β “ 0
So far we have

α` β ` γ “ 0

4α` β “ 0

So,

α

β “ ´4α

γ “ 3α

LHS “
αfpx` 2hq ´ 4αfpx` hq ` 3αfpxq

´2αh

“
fpx` 2hq ` 4fpx` hq ´ 3fpxq

2h

RHS “ f 1pxq `
8α` β

6p2α` βq
h2f3pxq `Oph3q

“ f 1pxq ´
1

3
h2f3pxq `Oph3q

Remark:

• It’s impossible to get a 3rd order approximation for f 1pxq, simply based on fpxq, fpx`hq, fpx`2hq
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• What about first order?

α` β ` γ “ 0

4α` β ‰ 0

2α` β ‰ 0

One example: we require 3α` β “ 0

• If instead we want to approximate f2pxq using fpxq, fpx` hq, fpx` 2hq, we require

α` β ` γ “ 0

2α` β “ 0

4α` β ‰ 0

and this leads to

β “ ´2α

γ “ ´α

ùñ
αfpx` 2hq ` βfpx` hq ` γfpxq

p4α`βqh2

2

“ f2pxq `
p8α` βq{6

4α` β

2

hf3pxq `Oph2q

ùñ
fpx` 2hq ´ 2fpx` hq ` fpxq

h2
“ f 1pxq ` hf2pxq `Oph2q

ùñ f2pxq „
fpx` 2hq ´ 2fpx` hq ` fpxq

h2

(First order, second order is impossible)

But for central:

f2pxq „
fpx` hq ´ 2fpxq ` fpx´ hq

h2

(2nd order approximation, central)

5.1.1 Richardson Extrapolation

(To enhance the accuracy)
Recall:

f 1pxq “
fpx` hq ´ fpxq

h
´
h

2
f2pxq `Oph2q

General setting: To approximate a quantity Q, with Fnphq, where Fnphq is nth order accurate.

Q “ Fnphq ` kh
n `Ophn`1q
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Now, we half the stepsize:

Q “ Fnph{2q ` kph{2q
n `Opph{2qn`1q

2nQ “ 2nFn

ˆ

h

2

˙

` khn `
2n

2n`1
Ophn`1q

p2n ´ 1qQ “ 2nFn

ˆ

h

2

˙

´ Fn

ˆ

h

2

˙

`Ophn`1q

Q “

2nFn

ˆ

h

2

˙

´ Fnphq

2n ´ 1
`Ophn`1q

This gives a new approximation with pn` 1qth order accurate for Q.
Example:

Q “ f 1pxq

F1phq “
fpx` hq ´ fpxq

h

2nFnph{2q ´ Fnphq

2n ´ 1
“

2
´

fpx`h{2q´fpxq
h{2

¯

´
fpx` hq ´ fpxq

h
1

“
4pfpx` h{2q ´ 3fpxq ´ fpx` hqq

h

This gives a 2nd order approximation for f 1pxq

Let ĥ “ h
2

f 1pxq «
4fpx` ĥq ´ 3fpxq ´ fpx` 2ĥq

2ĥ

(Related to some approximation we’ve derived)

5.2 Numerical Integration
ż b

a

fpxqdx «

ż b

a

P pxqdx

Newton- Cotes: When P pxq is an interpolation based on equally spaced points
Linear Interpolation

ż x1

x0

fpxqdxyi “ fpxiqi “ 0, 1 ¨ ¨ ¨

P1pxq “ y0 `
y1 ´ y0

x1 ´ x0
px´ x0q

fpxq “ P1pxq ` Epxq

Epxq “
px´ x0qpx´ x1q

2
f2pcq cpxq
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ż x1

x0

fpxqdx “

ż x1

x0

P1pxqdx`

ż x1

x0

Epxqdx

«

ż x1

x0

P1pxqdx

“

ż x1

x0

y0 `
y1 ´ y0

x1 ´ x0
px´ x0qdx

“
y0 ` y1

2
¨ h h :“ x1 ´ x0

Error:
ż

x0
x1Epxqdx “ ´

h3

12
f2pc̃q

c̃ P rx0, x1s

5.2.1 Trapezoidal Rule

:

ż x1

x0

fpxqdx «
fpx1q ` fpx0q

2
¨ h

Error “ ´
h3

12
f2pc̃q c̃ P rx0, x1s h “ x1 ´ x0

Question : For what type f , the rule is exact?

f2 ” 0 ðñ fpxq “ a` bx@a, b constant

Composite numerical quadrature:
Consider an equally spaced grid:

a “ x0 ă x1 ¨ ¨ ¨ ă xn´1 ă xn “ b xj`1 ´ xj “ h´
b´ a

N

On each subinterval ( panel):

ż xj`1

xj

fpxq “
h

2
pfpxj`1q ` fpxjqq ´

h3

12
f2pcjq cj P rxj , xj`1s

Sum up in j:

ż b

a

fpxqdx “
N´1
ÿ

j“1

h

2
pfpxj`1q ` fpxjqq ´

h3

12

N´1
ÿ

j“0

f2pcjq

N´1
ÿ

j“0

f2pcjq “ Nf2pcq Nh “ b´ a

ż b

a

fpxqdx “
h

2
pfpaq ` 2fpx1q ` 2fpx2q ` ¨ ¨ ¨ ` 2fpxn´1q ` fpbqq `

h2

12
pb´ aqf2pcq

Suppose minxPra,bs gpxq ă α ă maxxPra,bs gpxq, g is continuous, Dc, s.t. gpcq “ α
Therefore,

N min
xPra,bs

f2pxq ă
N´1
ÿ

j“0

f2pcjq ă N max
xPra,bs

f2pxq
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and

min
xPra,bs

f2pxq ă

řN´1
j“0 f2pcjq

N
“ f2pcq ă max

xPra,bs
f2pxq

5.2.2 Simpson’s Rule

:
x2 ´ x1 “ x1 ´ x0 “ h, f1pxq « P2pxq

ż x2

x0

fpxqdx «

ż x2

x0

P2pxqdx

“
h

3
pfpx0q ` 4fpx1q ` fpx2qq

Error “ ´
h5

90
f p4qpcq for some c P rx0, x2s

Composite Simpson’s rule:

a “ x0 ă x1 ă x2 ¨ ¨ ¨ ă x2N “ b

On each panel, rx2j , x2j`2s

ż x2j`2

x2j

fpxqdx “
h

3
pfpx0q ` 4fpx1q ` fpx2qq ´

h5

90
f p4qpcjq

ż b

a

fpxqdx “
h

3
pfpaq ` fpbq ` 4

N
ÿ

j“1

fpx2j`1q ` 2
N´1
ÿ

j“1

fpx2jqq ´
b´ a

180
h4f p4qpc̃q c̃ P ra, bs

Question: When will the rule exact?
When f p4q ” 0 ðñ fpxq “ a` bx` cx2 ` dx3

Definition 5.1 ( Degree of Precision (D.O.P)). Degree of Precision (D.O.P) of a numerical inter-
polation formula is the largest integer k, such that the formula is exact when the integrand is any
polynomial of degree up to k, so far: Trap (DOP =1), Simpson(DOP=3)

Next Question: How to find DOP?
Change of variable:
Reference element: [0,1], [-1,1]:
Suppose we have

ż 1

0

fpxqdx «
n
ÿ

j“1

ωjfpxjq

on a physical interval ra, bs
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ż b

a

fpyqdy

y ´ a

b´ a
“x

ÝÝÝÝÝÝÑ “

ż 1

0

fpa` pb´ aqxqdxpb´ aq

«

n
ÿ

j“1

ωjF pxjqpb´ aq

“

n
ÿ

j“1

tpb´ aqωjufpa` pb´ aqxjq

“

n
ÿ

j“1

ω̂jfpx̂jq

#

ω̂j “ pb´ aqωj

x̂j “ a` pb´ aqxj

DOP reserved under the linear change of variable.
Exercise: Trap

ż 1

0

fpxqdx «
1

2
pfp0q ` fp1qq

fpxq “ 1

$

&

%

LHS “
ş1

0
1dx “ 1

RHS “
1

2
p1` 1q “ 1

fpxq “ x

$

’

&

’

%

LHS “
ş1

0
xdx “

1

2

RHS “
1

2
p0` 1q “

1

2

fpxq “ x2

$

’

&

’

%

LHS “
ş1

0
x2dx “

x3

3

RHS “
1

2
pfp0q ` fp1qq “

1

2

Therefore, DOP of trap is 1.
Example:
Find D.O.P of the following numerical interpolations:

ż x1

x0

fpxqdx «

$

’

&

’

%

fpx0q ¨ h LEFT - RECTANGLE

fpx0`x1

2 q ¨ h MIDPOINT

fpx1q ¨ h RIGHT - RECTANGLE

On a reference element p0, 1q formula become

ż 1

0

fpxqdx «

$

’

&

’

%

fp0q

fp1{2q

fp1q

LHS “

ż 1

0

xkdx “
xk`1

k ` 1
|x“1
x“0

“
1

k ` 1
k “ 0, 1, ¨ ¨ ¨
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Rectangle Rules : Have DOP =0
Mid-Point Rules : Have DOP =1
Remark: Composite mid-point method:

a “ x0 ă x1 ¨ ¨ ¨ ă xN´1 ă xN “ b

x` j ´ xj´1 “ h
ż b

a

fpxqdx « h
N´1
ÿ

j“0

fpωjq

ωj “
xj ` xj`1

2

Error “
b´ a

24
h2f2pcq c P ra, bs

h “
b´ a

N

5.3 Romberg Interpolation

(Richardson extrapolation)
Consider composite Trap. rule:

a “ x0 ă x1 ă x2 ¨ ¨ ¨ ă xN´1ăxN“b

ż b

a

fpxqdx “
h

2
pfpaq ` fpbq ` 2

N´1
ÿ

j“1

fpxjqq ` c2h
2 ` c4h

3 ` c6h
6 ` ¨ ¨ ¨

c2, c4 can be derived analytically,

c2 “
f 1paq ´ f 1pbq

2

N “
b´ a

h
Consider a sequence of meshes:

h1 “
b´ a

1

h2 “
b´ a

2

h3 “
b´ a

4
...

hj “
b´ a

2j´1

Apply composite Trap. method on each mesh and get a numerical integral, Rj1
Recall Richardson Extrapolation:

Q “ Fnphq ` kh
n `Ophn`rq

Q “ Fnph{2q ` kph{2q
n `Opph{2qn`rq

ùñ Q “
2nFnph{2q ´ Fnphq

2n ´ 1
`Ophn`rq
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Based on this, based on Rj1, which is 2nd order accurate, which is n “ 2

2nRj,1 ´Rj´1,1

2n ´ 1

“
4Rj,1 ´Rj´1,1

3
“:Rj,2

This provided a 4th order approximation for
şb

a
fpxqdx

Once we have a 4th order approximation Rj,2, apply extrapolation (n=4)

2nRj,2 ´Rj´1,2

2n ´ 1
“

16Rj,2 ´Rj´1,2

15

“: Rj,3

This gives a sixth order approximation
R11

R21 R22

R31 R32 R33

R41 R42 R43 R44

R51 R52 R53 R54 R55

2nd 4th 6th 8th 10th

Rjk “
4k´1Rj,k´1 ´Rj´1,k´1

4k´1 ´ 1

j: Divided into 2j´1 meshes
k: Interpolate k ´ 1 times, error is 2k
To compute Rj1 recursively:

R11 “
h1

2
pfpaq ` fpbqq

R21 “
h2

2
pfpaq ` fpbq ` 2fpa` h2qq

“
1

2
R11 ` h2fpa` h2q

R31 “
h3

2
pfpaq ` fpbq ` 2fpa` h3q ` 2fpa` 2h3q ` 2fpa` 3h3qq

“
1

2
R21 ` h3pfpa` h3q ` fpa` 3h3qq

In general, Rj1 “
1

2
Rj´1,1 ` hj

ř2j´2
i“1 fpa` p2i´ 1qhjq

To control the error, one can run till the level m, when |Rmm ´Rm´1,m´1| ď myTol

5.4 Adaptive Quadrature

To compute
şb

a
fpxqdx numerically, recall on a single panel

şxj`1

xj
fpxqdx « computed value `chmf pnqpcq

xj`1 ´ xj “ h

To achieve a given level of error, the larger f pnq is, the small h should be. In practice, f pnq is often
unknown.
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Goal: To compute
şb

a
fpxqdx with a given level of error efficiency. Using ”Adaptive Quadrature”.

To see the main ingredient, given fpxq on ra, bs, let SrxL, xRs be a numerical strategy to compute
ż xR

xL

fpxqdx

(Error unknown)

Goal: Compute
şb

a
fpxqdx with a given error tolerance.

First,

sra, bs

sra, cs ` src, bs

The error is unknown. Based on these approximation, design an error indicator.
Second, Based on error indicator, decide whether you want to accept:

sra, cs ` src, bs

#

YES : INT “ sra, cs ` src, bs STOP

NO : Repeatly treatra, cs, rc, bsas a starting error

• Design an error indicator

• Accept the result? Or not?

• How to track or organize multiple subinterval?

First, we want to design an error indicator, use Trap. rule as an example:
ż b

a

fpxqdx “ sra, bs ´
h3

12
f2pc0q

“
pfpaq ` fpbqqpb´ aq

2

Error unknown,
ż b

a

fpxqdx “

ż c

a

fpxqdx`

ż b

c

fpxqdx

“ sra, cs ´

ˆ

h

2

˙3
f2pc1q

12
` src, bs ´

ˆ

h

2

˙3
f2pc2q

12

“ sra, cs ` src, bs ´
h3

4

f2pc3q

12

Consider

sra, bs ´ psra, cs ` src, bsq “
h3f2pc0q

12
´
h3

4

f2pc3q

12

« 3 ¨

ˆ

h3

4

f2pc3q

12

˙

pError insra, cs ` src, bsq

Error indicator (must be computable):

errI “ |sra, bs ´ psra, cs ` src, bsq|

Given f on ra, bs
Given an error tolerance, myTol

We want to get an approximation Inum for
şb

a
fpxqdx

such that |Inum ´
şb

a
fpxqdx| ă myToL
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• Adaptively

• Error indicator (Computable)

• Using Trap. rule as an example

Let srxL, xRs “
fpxLq ` fpxRq

2
pxR ´ xLq

Start with b´ a “ h, get an approximation I1 “ Sra, bs for
şb

a
fpxqdx

Error I1 “
şb

a
fpxqdx`

h3fpc0q

12
, c0 P ra, bs.

Next, we compute a second approximation, c midpoint,

I2 “ sra, cs ` src, bs

Error I2 “

ż b

a

fpxqdx “
h3

4

f2pc3q

12
c3 P ra, bs

|I1 ´ I2| “

ˇ

ˇ

ˇ

ˇ

h3

12
f2pc0q ´

h3

4

f2pc3q

12

ˇ

ˇ

ˇ

ˇ

« 3

ˇ

ˇ

ˇ

ˇ

h3f2pc3q

4 ¨ 12

ˇ

ˇ

ˇ

ˇ

Error in I2 to approximate
şb

a
fpxqdx

Define error indicator:

errI “ |I1 ´ I2|

if errI ď 3myToL ðñ p|I2 ´

ż b

a

fpxqdx| ď myTolq

Accept I2, then set Inum “ I2
Otherwise, split ra, bs to ra, cs.rc, bs
Repeat the progress as for ra, bs

|Inum ´

ż b

a

fpxqdx| ď myToL

|Inum ´

ż c

a

fpxqdx| ď
myToL

2

How to track and manage multiple subintervals?

• Create a list which records all the subintevcals to be processed.

• Follow ”last come first serve” strategy

Initial list
ap1q “ a bp1q “ b ToLp1q “ myToL

To begin with, n “ 1 is the queue length, Inum “ 0, c midpoint.
If error indicator ď 3tolp1q
Accept and set Inum “ srap1q, cs ` src, bp1qs
n ă ´n´ 1
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STOP
Otherwise:
Set rapiq, bpiqs, i “ 1, 2
n ă ´n` 1, (n=2 now)

ToLp1q ă ´
Tolp1q

2
, ToLp2q “ ToLp1q

We follow last come first serve and consider
If error indicator ¡ 3 ToLp2q
Then Inum “ Inum ` srap2q, cs ` src, bp2qs
n ă ´n´ 1
That us, to delete rap2q, bp2qs from the queue.
Otherwise, split rap2q, bp2qs into subintervals rap2q, bp2qs, rap3q, bp3qs
n ă ´n` 1 pn “ 3q

ToLp2q ă ´
Tolp2q

2
, ToLp3q “ ToLp2q

Exercise
If simpson’s rule is used to replace Trap. rule, which part need to be changed?

• sra, bs

• error indicator ă 15ToL

5.5 Gaussian Quadrature

Newton- Cote’s formula: P pxq is based on equally spacing points
(n+1)points: DOP = n, when n is odd, (Trap, n=1)
DOP = n+1, when n is even, (Simpson, n=2)
Question: If the number of points is n ` 1, what is the highest d.o.p a quadrature (based on these
points ) can be achieved?
Answer: The highest d.o.p = 2n+1 (Associate with n` 1 points)
This is achieved by Guassian Quadrature.
Start with the simplest case:
n “ 0: 1-point, mid-point rule, d.o.p =1

n “ 1: 2-point,
ş1

´1
fpxqdx «

ř2
i“1 ωifpxiq Find the highest k such that the formula is exact for

fpxq “ xk.

LHS “

ż 1

´1

xkdx “

$

&

%

0 k is odd

2
ş1

0
xkdx “

2

k ` 1
k is even

k LHS RHS

0 2 ω1 ` ω2 (1)

1 0 ω1x1 ` ω2x2 (2)

2
2

3
ω1x

2
1 ` ω2x

2
2 (3)

3 0 ω1x
3
1 ` ω2x

3
2 (4)

4
2

5
ω1x

4
1 ` ω2x

4
2 (5)

Nonlinear: We hope to find ω1, ω2, x1, x2such that p1q ´ p4q hold. Then

ω1x1 ‰ 0

ω2x2 ‰ 0
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(2)(4)

x2
1 “ x2

2

x1 ‰ x2

ùñ x1 “ ´x2 “ α ă 0

(1): ω1 ` ω2 “ 2
(2): ω1 ´ ω2 “ 0
ω1 “ ω2 “ 1

(3) pω1 ` ω2qα
2 “

2

3

α “ ´
1
?

3

(4) pω1 ´ ω2qα
3 “ 0 ùñ 2 point Gaussian x1 “ ´

c

1

3
, x2 “

c

1

3
ω1 “ ω2 “ 1
ş1

´1
fpxqdx «

ş2

i“1
ωifpxiq

DOP =3 =2n+1, n=1
In general, Gaussian quadrature are related to legendre polynomials
Legendre Polynomials, defined on r´1, 1s, defined in different ways

1. Recursively defined

P0pxq “ 1

P1pxq “ x

pn` 1qPn`1pxq “ p2n` 1qxPnpxq ´ nPn´1x n ě 1

For example, n “ 1,

2P2pxq “ 3xP1pxq ´ P0pxq

ùñ P2pxq “
1

2
p3x2 ´ 1q

when n “ 2, P3pxq “
1

2
p5x3 ´ 3xq

2. Pnpxq “
1

n ¨ 2n
:
dn

dxn
ppx2 ´ 1qnq, n “ 0, 1, ¨ ¨ ¨

3. Solutions of special differential equation, (Legendre DE)

Some properties:

1. Orthogonal
ş1

´1
PmpxqPnpxqdx “ 0, if m ‰ n

2. Pnpxq has n distinct roots over r´1, 1s

3. tP0pxq, P1pxq ¨ ¨ ¨Pnpxqu form a basis for polynomial up to degree n.

4. Pnp1q “ 1, Pnp´1q “ p´1qn
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Gaussian Quadrature with pn` 1q points:

ż 1

´1

fpxqdx «
n`1
ÿ

j“1

ωjfpxjq

txju
n`1
j“1 re the roots of Legendre polynomial Pn`1pxq of degree n` 1.

What are the roots of Legendre polynomial Pn`1pxq of degree n` 1?
What are the weights tωju

n`1
j“1 ?

ż 1

´1

fpxqdx «

ż 1

´1

Qpxqdx
lead to
ÝÝÝÝÝÑ

n`1
ÿ

j“1

ωjfpxjq

Given txju
n`1
j“1 ,Qpxq “

řn`1
j“1 Ljpxqfpxjq , and

Ljpxq “
Πi‰jpx´ xiq

Πi‰jpxj ´ xiq
ż 1

´1

Qpxqdx “

ż 1

´1

n`1
ÿ

j“1

Ljpxqfpxjqdx

“

n`1
ÿ

j“1

ż 1

´1

Ljpxqdxfpxjq

Property:
řn`1
j“1 ωj “ 2

Proof : Due to DOP ě 0, and quadrature formula is exact when fpxq “ 1, (
ş1

´1
1dx “

řn`1
j“1 ωj ¨ 1)

6 Numerical Method for Solving initial value problems (IVP)

Given a function fpt, yq
Considering the following differential equation:

y1ptq “ fpt, yptqq

yp0q “ α

t ą 0, α is given.
This is an example of IVP.
Goal: Solve IVPs numerically, (find approximations for yptq.)
Examples:

1. Radioactive decay:

y1ptq “ ´ryptq t ą 0, pr ą 0 is constantq

yp0q “ α

RHS “ ´ry, linear in y, first order linear, yptq “ αe´rt

2. Population models

y1 “ ´λy t ą 0

yp0q “ α
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yptq “ αeλt. First order linear, λ ą 0 is given
Not a good ,pdel for large y.

Logistic equation (with a capacity)

y1 “ λp1´ yq ¨ y t ą 0

yp0q “ α

First order nonlinear.

Exact solution:

yptq “
α

α` p1´ αqe´αt
t ě 0

Two steady states y “ 1, and y “ 0.

3. Predator-Prey model:

dy1

dt
“ ´by1 ` γy1y2

dy2

dt
“ ay1 ´ βy1y2 a, b, γ, β ą 0

First order system, nonlinear.
Vector form:

„

y1

y2



“ ȳ

dy

dt
“ fpt, yq t ą 0

y “ α

4. Newton’s second law of motion

F “ ma. yptq: Position of an object in motion.

my2 “ F pt, y, y1q t ą 0

yp0q “ α

y1p0q “ β

(Second Order)

This equation can be rewritten as a first order system, let y1ptq “ ωptq

y1ptq “ ωptq t ą 0

ω1ptq “
1

m
F pt, y, ωq t ą 0

yp0q “ α

ωp0q “ β

First order system.

Here, we only focus on

y1 “ fpt, yqt ą 0

yp0q “ α

y: Scalar or system
Assumption: Existence and uniqueness of the solution.
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6.1 Forward Euler Method

Consider

y1 “ fpt, yqt ą 0

ypq “ α

One can think of this differential equation as a field of slopes.
Starting from α, direction or slope field.
Discrete Version:
tj`1 ´ tj “ h, time step, h is constant.

y1 “ y0 ` hfpt0, y0q

y2 “ y1 ` hfpt1, y1q

...

yj`1 “ yj ` hfptj , yjq

We hope yj “ yptjq, where yptq is the exact solution. |yj ´ yptjq| is not too big.
Revisit Forward Euler method:

yj`1 ´ yj
h

“ fptj , yjq j ě 0

y0 “ α

Recall IVP:

y1ptq “ fpt, yptqq t ą 0

yp0q “ α

This seems to be related to

y1ptjq «
yptj`1 ´ yptjqq

h

Forward difference for y1ptq
Rederive the forward euler method:
4 steps:

y1ptq “ fpt, yptqq t P r0, T s

yp0q “ α

1. Define a mesh/ partition of r0, T s
For simplicity,

t1 “ t0 ` h

t2 “ t1 ` h

¨ ¨ ¨

tM “ T “ tM´1 ` h h “
T

M

2. Read the equation at tj , j “ 1, 2, ¨ ¨ ¨M

y1ptjq “ fptj , yptjqq
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3. Replace y1ptjq by its numerical differentiation

y1ptjq “
yptj`1q ´ yptjq

h
´
h

2
y2pcjq

cj P rtj , tj`1s

We have
yptj`1q ´ yptjq

h
´
h

2
y2pcjq “ fptj , yptjqq

4. Drop Ophq, change yptjq to yj .

yj`1 ´ yj
h

“ fptj , yjq j ě 0

y0 “ α

This is the forward euler method.
Numerical solution: y1, y2 ¨ ¨ ¨ yM
yj „ yptjq

Discussion:

1. yptjq: Exact solution.
yj : Approximation for yptjq
We hope yj « yptjq

2. F.E is a one-step method. To get yj`1, one only needs yj

3. It’s explicit: To solve yj`1, one does not need to solve an algebraic equation, all you need is
algebraic evaluation.

4. The term we drop is Opnq, this seems to imply sd h decrease, the computed solution will improve.

|yptjq ´ yj | decreases as h decreases.

For F.E, this is the case. (This is not always the case for other scheme)
Stability

Backward Euler Method: In step3,

y1ptjq “
yptjq ´ yptj´1q

h
`
h

2
y2pc̃jq

c̃j P ptj´1, tjq

ùñ
yptjq ´ yptj´1q

h
`
h

2
y2pc̃jq “ fptj , yptjqq

Step4: Drop Ophq, replace yptjq by yj , we get the scheme,

yj ´ yj´1

h
“ fptj , yjq j ě 1

y0 “ α

Discuss:

1. One step
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2. Implicit, an algebraic equation need to be solved to get yj

As an example:
y1 “ fpt, yq :“ y3 ` sinptq

Apply B.E to it:

yj “ yj´1 ` hpy
3
j ` sinptjqq

yj ´ hy
3
j “ yj´1 ` h sinptjq

Over one time step, BE is in general more expensive than F.E

3. Similar as F.E., the term dropped is Ophq

4. Geometric Interpolation

6.2 Basic Concepts

• LOCAL : local truncation error

• LOCAL : Consistency

• GLOBAL : Error

• GLOBAL : Stability

Using F.E method as an example:
yj`1 “ yj ` hfptj , yjq

Rewrite the scheme compatible to the IVP:

y1 “ fpt, yq

yj`1 ´ yj
h

“ fptj , yjq

Definition 6.1 (Local Truncation Error). Let yptq be an exact solution of y1 “ fpt, yq

τj “
yptj`1q ´ yptjq

h
´ fptj , yptjqq

is the local truncation error, τj “ Ophq.

The scheme is said to be consistent if τj Ñ 0 as hÑ 0.

For FE, τj “
h

2
y2pcjq, cj P ptj , tj`1q

To derive the above formula:

τj “
yptj`1q ´ yptjq

h
´ fptj , yptjqq

“
yptj`1q ´ yptjq

h
´ y1ptjq

“
yptjq ` hy

1ptjq `
h2

2 y
2pcjq ´ yptjq

h
´ y1pyjq

“
h

2
y2pcjq

Remarks
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1.

yj « yptjq

yj ‰ yptjq In general

yj “ yj´1 ` hfptj´1, yj´1q

yptjq “ yptj´1q ` hfptj´1, yptj´1qq ` hτj´1

2. LTE measure the error locally, over one step. It can be defined for other scheme, for instance,
for B.E:

τj “
yptjq ´ yptj´2q

h
´ fptj , yptjqq

“ ´
h

2
y2pcjq

“ Ophq
cj P ptj´1, tjq

yptjq: Exact solution at tj yj : Computed solution at tj , j “ 1, 2, ¨ ¨ ¨n

Question: yptjq ´ yj?
Two ways to measure:

eM “ |yptM q ´ yM |

“ |ypT q ´ yM |

eM,n “ max
1ďjďM

|yptjq ´ yj |

When M Ñ8, or M increase, same as h decreases, whether eM , eM,n decrease?
With same assumption of f, one can show:

|eM | ď c max
1ďjďM

|τj |

|eM,n| ď c̃ max
1ďjďM

|τj |

For FE or BE, eM , eM,n “ Ophq
What we are seen here are:
B.E. F.E are consistent, with L.T.E Local error : Ophq
Global error : Ophq
Convergent scheme of order 1
Consistency + Stability ùñ Convergence

6.3 Stability

:
Many notions of stability:
0´ stability: when h decrease to 0.
Absolute stability: Behavior of a scheme when h is not so small.
Here, we examine absolute stability.

page 66 of 71



Jingmin Sun MATH 4800 Numerical Computing (2019-Spring)

Consider the test equationL

y1 “ ´ry t ą 0

yp0q “ α r ą 0 is some constant

Exact solution: yptq “ αe´rt

Absolute Stability of a numerical method:
Apply the method to the test equation of y1 “ ry, t ą 0, yp0q “ α, we require |yj | “ c ă 8, for any j
for some c, that is tyju

8
j“1 is bounded.

We’ll see this is the same requiring |yj`1| ď |yj |,@j.
Take F.E. as an example:

yj`1 “ yj ` hfptj , yJq

Apply it to a test equation fpt, yq “ ´ry, pr ą 0q, then the scheme is

yj`1 “ yj ` hp´ryjq

“ p1´ hrqyj

Q” growth factor, amplication factor
Recursively:

yj “ Qphrqyj´1

“ QphrqQphrqyj´2

¨ ¨ ¨

“ pQphrqqjy0 “ α

tyjuj being bounded ðñ |Qphrq| ď 1
ðñ |yj`1| ď |yj |
For F.E.

Qphrq “ 1´ hr

ðñ |1´ hr| ď 1

ðñ ´1 ď 1´ hr ď 1 r ą 0, h ą 0

ðñ h ď
2

r

That is , when F.E. is applied to the test equation, the solution tyju
8
j“0 is bounded if and only if h ď

2

r
This makes F.E. to be conditionally stable.
Now, apply B.E. method to

y1 “ ´ry t ą 0

yp0q “ α

yj`1 “ yj ` hfptj`1, yj`1q

“ yj ´ hryj`1

ùñ yj`1 “
1

1` hr
yj

Absolute stability ðñ |Qphrq| ď 1,
1

1` hr
ď 1

This holds for all h ą 0
This makes B.E.method ”unconditionally” stable.
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6.4 More example of numerical methods

y1 “ ´ry t ą 0 t P r0, T s

yp0q “ α

Following the similar derivations:

• Step1: Mesh
0 “ t0 ă t1 ă ¨ ¨ ¨ ă tM´1 ă tM “ T

h “
T

M

• Step2: Read equation at tj

y1ptjq “ fptj , yptjqq

j “ 1, ¨ ¨ ¨M

• Step3: Replace y1ptjq

y1ptjq “

$

’

&

’

%

yptj`1 ´ yptj´1qq

2h
´
h2

2
g3pcjq

3yptjq ´ 4yptj´1q ` yptj´2q

2h
`
h2

3
g3pc̃jq

• Step4: Drop Ophrq, r “ 1, 2 ¨ ¨ ¨
Replace yptjq by yj

LEAP-FROG Scheme:

yj`1 “ yj´1 ` 2hfptj , yjq

y0 “ α

y1 “ something

j “ 1, 2 ¨ ¨ ¨

3yj ´ 4yj´1 ` 4yj´2 “ 2hfptj , yjq

y0 “ α

y1 “ something j ě 2

• For both local truncation error τj “ Oph2q

• Two-step method

• Leap-frog is explicit, the other one is implicit

For multi-step method: How to get yj?
Recall:

ypt1q “ ypt0q ` hy
1pt0q `

h2

2
y2pt0q `Oph3q

y1pt0q “ fpt0, ypt0qq “ fp0, αq

ùñ ypt1q “ α` hfp0, αq `Oph2q
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One way to get y1: y1 “ α` hfp0, αq (second order approximation)
One can also examine absolute stability for 2-step methods:
For instance: Apply leap-frog method to

y1 “ ´ry t ą 0

yp0q “ α

yj`1 “ yj´1 ´ 2hryj
To solve: Set

yj “ sj

s “ s1, s2

yj “ c1s
j
1 ` c2s

j
2

ùñ |yj | Ñ 8 as j Ñ8

ùñ leap- frog is unstable for any h ą 0

6.5 Numerical method based on numerical integration

To solve

y1 “ fpt, yq t ą 0

yp0q “ α

1. Mesh:
0 “ t0 ă t1 ă ¨ ¨ ¨ ă tM “ T

h “
T

M

2. Integrate with the equation over ”some intervals”

For example, we can take rtj , tj`1s

ż tj`1

tj

y1ptqdt “

ż tj`1

tj

fpt, yptqqdt

yptj`1q ´ yptjq “

ż tj`1

tj

fpt, yptqqdt

3. Replace integral by numerical integration

ż tj`1

tj

fpt, yptqqdt “

$

’

’

’

’

’

&

’

’

’

’

’

%

hfptj , yptjqq ´
h2

2
f 1pcjq Left-rect

hfptj`1, yptj`1qq `
h2

2
f 1pcjq Right-rect

h

2
pfptj , yptjqq ` fptj`1, yptj`1qqq ´

h3

12
f2pcjq

4. Drop Ophrq term and replace yptjq by yj , we’ll get the scheme

yj`1 “ yj `

$

’

’

&

’

’

%

hfptj , yptjqq FE

hfptj`1, yptj`1qq BE
h

2
pfptj , yptjqq ` fptj`1, yptj`1qqq Trap
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Trapezoidal method:

• one- step

• Implicit

Absolute stability of Trap. method
Apply the method to the test equation:

y1 “ ´ry t ą 0pr ą 0q

and get yj`1 “ yj `
h

2
p´ryj ´ ryj`1q

ùñ yj`1 “
2´ hr

2` hr
yj

Absolute stability ðñ |Qphrq| ď 1 ðñ

ˇ

ˇ

ˇ

ˇ

2´ hr

2` hr

ˇ

ˇ

ˇ

ˇ

ď 1

This holds for any h ą 0, hence Trap. method is unconditionally stable.
Local Truncation error of Trap. method:
Compatible form of the scheme to the equation:

y1 “ fpt, yq

yj`1 ´ yj
h

“
1

2
pfptj , yjq ` fptj`1, yj`1qq

Local truncation error: yptq is exact solution

τj “
yptj`1q ´ yptjq

h
´

1

2
pfptj , yptjq ` fptj`1, yptj`1qqqq

“
h2

12
y3ptjq `Oph3q

“ Oph2q

Three method: when h is big, BE may be better than Trap, but for small h, Trap is the best.

Runge-Kutta Method

Revisit Trap. Method:

yj`1 “ yj `
h

2
pfptj , yjq ` fptj`1, yj`1qq

(Implicit)
A variant, by predicting yj`1

ˆyj`1 “ yj ` hfptj , yjq

yj`1 “ yj `
h

2
pfptj , yjq ` fptj`1, ˆyj`1qq

(one step, second order, ”explicit trap method”)
Based on numerical integration: ”using midpoint rule”

yptj`1q ´ yptjq

“

ż tj`1

tj

fpt, yptqqdt

« fptj` 1
2
, yptj` 1

2
qq ¨ h

yj`1 “ yj ` hfptj` 1
2
, yj` 1

2
q
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So, predicted:

ŷj` 1
2
“ yj `

h

2
fptj , yjq

yj`1 “ yj ` hfptj` 1
2
, ŷj` 1

2
q

The one step methods we’ve seen so far, are all special case for RK methods.
General methods of RK methods:
To solve y “ fpt, yq, t ą 0, given yj « yptjq.
Goal: To get yj`1 « yptj`1q

A RK method can be written as

yj`1 “ yj ` h
S
ÿ

i“1

biptj ` cih, Yiq

Yi “ yj ` h
S
ÿ

k“1

aikfptj ` ckh, Ykq

Butcher table:
c A

bT

FE: (s=1)
0 0

1

BE: (s=1)
1 1

1

Explicit Trapezoidal: (s=2)
0 0 0
1 1 0

1
2

1
2

Explicit midpoint: (s=2)
0 0 0
1
2

1
2 0
0 1

Trapezoidal: (s=2)
0 0 0
1 1

2
1
2

1
2

1
2

Example: The classical 4-stage, 4th order explicit RK method(RK4) (s=4)

0 0 0 0 0
1
2

1
2 0 0 0

1
2 0 1

2 0 0
1 0 0 1 0

1
6

1
3

1
3

1
6

yj`1 “ yj `
h

6
pfptj , Y1q ` 2fptj` 1

2
, Y 2q ` 2fptj` 1

2
, Y 3q ` fptj`1, Y 4q

where

Y1 “ yj

Y2 “ Y1 `
h

2
fptj , Y1q

Y3 “ yj `
h

2
fptj `

1

2
, Y2q

Y4 “ yj ` hfptj`1, Y3q
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